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Cette the`se est consacre´e a` l’analyse de fatigue et de tole´rance aux dommages des
structures d’avions soumis aux rafales de vent. L’analyse de fatigue et de tole´rance
aux dommages est un enjeu essentiel dans la conception des structures d’avions.
Elle permet de de´finir un programme d’inspection de la structure afin d’assurer sa
se´curite´ tout au long de la vie de l’avion.
La premie`re partie passe en revue l’e´tat de l’art dans les diffe´rents domaines
implique´s dans le processus global d’analyse de fatigue des structures d’avions soumis
aux rafales de vent: la mode´lisation de la turbulence atmosphe´rique, le calcul des
charges et des contraintes a` l’aide d’analyses par e´le´ments finis, la construction du
spectre de fatigue et enfin, l’analyse de fatigue et de tole´rance aux dommages.
La deuxie`me partie pre´sente le processus complet actuellement imple´mente´ au
sein d’Airbus. Les points forts et les points faibles de ce processus sont identifie´s et
permettent de de´gager des axes d’ame´lioration. A` partir du mode`le de turbulence
continue base´ sur la densite´ spectrale de puissance (DSP) de Von Ka´rma´n, les con-
traintes calcule´es sont inse´re´es selon des statistiques e´tablies par des mesures en vol
dans le spectre de fatigue pour former une se´quence de cycles de contraintes. Les
donne´es d’entre´e pour l’analyse de fatigue et tole´rance aux dommages sont obtenues
a` partir de la de´finition des diffe´rents profils de mission, des valeurs de contraintes
unitaires, de la re´ponse dynamique de la structure et des statistiques de turbulence.
Dans la troisie`me partie, une nouvelle me´thodologie est pre´sente´e afin d’obtenir
des se´quences temporelles des contraintes dues a` la turbulence de manie`re pre´cise
et efficace. Cette me´thode s’appuie sur de nouveaux re´sultats permettant de ge´ne´rer
des signaux temporels corre´le´s a` partir des DSP. Tout d’abord, les DSP des diffe´rentes
composantes des contraintes sont directement obtenues a` l’aide d’une analyse par
e´le´ments finis a` partir de la DSP de Von Ka´rma´n. Puis, les se´quences temporelles
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corre´le´es de ces contraintes sont ge´ne´re´es et sont ensuite distribue´es dans le spectre
de fatigue selon la loi statistique de l’intensite´ de la turbulence atmosphe´rique. Ce
nouveau processus permet d’ame´liorer le calcul des contraintes et la ge´ne´ration du
spectre de fatigue. Il remplace les statistiques de turbulence par des statistiques de
franchissement de niveaux de contraintes raisonnablement conservatives de´finies par
une formule analytique. De plus, le temps de livraison des donne´es d’entre´e pour
l’analyse de fatigue et tole´rance aux dommages est significativement re´duit.
Les re´sultats pre´sente´s, issus de l’analyse de fatigue et de tole´rance aux dommages,
permettent de souligner la qualite´ des ame´liorations apporte´es a` la fois en termes de
pre´cision et de dure´e du processus.
Abstract
This thesis is dedicated to the fatigue and damage tolerance analysis of the air-
craft structures under gust loads. The fatigue and damage tolerance analysis is a
significant issue in the aircraft structure design. It aims at defining the inspection
program of the aircraft structure in order to ensure its safety through its entire life.
The first part reviews the state-of-the-art in the various involved topics for the
global process for fatigue analysis of aircraft structure under gust loads: the atmo-
spheric turbulence modelling, the load and stress computation by a finite element
analysis, the generation of the fatigue spectrum and at the end, the fatigue and
damage tolerance analysis.
The second part presents the whole process currently implemented at Airbus.
The main strengths and weaknesses are pointed out and this enables the identifica-
tion of several improvement axes. From the continuous turbulence model based on
the Von Ka´rma´n Power Spectral Density (PSD), the computed stresses are included
according to statistics established from in-flight measurements in the fatigue spec-
trum in order to build a stress cycle sequence. The input data for the fatigue and
damage tolerance analysis are obtained from the definition of the various fatigue
mission profiles, the unitary stress values, the dynamic response of the structure
and the turbulence statistics.
In the third part, a new methodology is presented in order to obtain efficiently
and accurately the temporal stress sequences due to the atmospheric turbulence.
This method relies on new results enabling the generation of correlated time signals
from the PSD functions. First, the PSD of the various stress components are di-
rectly obtained from the Von Ka´rma´n PSD via a finite element analysis. Then, the
correlated temporal stress sequences are generated and distributed in the fatigue
spectrum according to the turbulence intensity statistical law. This new process
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enables the improvement of the stress computation and the fatigue spectrum gener-
ation. It replaces the turbulence statistics by stress exceedance statistics which are
defined by an analytical formula in a reasonably conservative way. In addition, the
lead time to build the input data for the fatigue and damage tolerance analysis is
significantly reduced.
Results from the fatigue and damage tolerance analysis are presented in order to
highlight the quality of the improved processes both in terms of accuracy and lead
time.
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Fatigue and damage tolerance analysis is today of major importance in the aircraft
structure design. Since the last decades, the air traffic keeps on growing, the number
of ageing aircraft is increasing and their lifetimes become greater. The certification
authorities [12, 5] provide recommendations in order to ensure the safety of the civil
aircraft and the aircraft manufacturers have to respect these conservative safety
standards.
Fatigue of materials is a relatively young science; the first noticeable works have
been realized in the second half of the XIXth century when the first fatigue fail-
ures were observed in the railway industry. In the aviation, fatigue analyses have
been accounted for since the end of World War II. The certification has evolved
a lot since this time due to the discovery of various origins of the fatigue failures
and to the evolution of the computational capabilities. Unfortunately, some acci-
dents were also milestones in the history of the civil aircraft certification. In this
context, the challenge for the aircraft manufacturers such as Airbus is to design
efficient lightweight and competitive aircraft structures while ensuring their safety
during their entire life. Accurate models, methodologies and computations are then
mandatory to fulfill this objective.
In this thesis, we pay a particular attention to the atmospheric turbulence. In-
deed, this phenomenon may have a major impact for fatigue of many structural
components. The atmospheric turbulence generally leads to complex loadings on
the aircraft structure since it is a multidimensional and dynamic excitation depend-
ing on lots of parameters such as the meteorological conditions, the aircraft speed,
weight, altitude, etc. Among the noticeable recent works dealing with the fatigue
of the aircraft structures under gust loads, we can refer to [28, 36].
The scientific challenge of this thesis is then to improve the computation of the
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dynamic response of the aircraft structure to the atmospheric turbulence and the
building of the fatigue spectrum in order to perform accurately and efficiently the
fatigue and damage tolerance analysis. This thesis also aims at improving the pro-
cess for the fatigue analysis of the aircraft structures under gust loads currently
implemented at Airbus dealing with the industrial requirements.
Chapter 1 presents the state-of-the-art of the various domains involved in the
whole process for fatigue and damage tolerance analysis of aircraft structure under
gust loads: the atmospheric turbulence modelling, the load and stress computation
by a finite element analysis, the generation of the fatigue spectrum and the fatigue
and damage tolerance analysis.
Chapter 2 describes the process currently implemented at Airbus and identifies
its main strengths and weaknesses. From the continuous turbulence model [29, 31]
based on the Von Ka´rma´n Power Spectral Density (PSD) [69], the computed stresses
are included in the fatigue spectrum according to the turbulence statistics estab-
lished from in-flight measurements. The stress sequence is built from the fatigue
mission definition, the unitary stress values, the dynamic response of the structure
and the turbulence statistics. It is finally used as the fatigue and damage tolerance
analysis input. From the critical analysis of this process, several possible improve-
ments are identified.
In Chapter 3, an innovative methodology is presented in order to build efficiently
and accurately the temporal stress sequences induced by turbulence. This method
relies on new results enabling the generation of correlated time signals from the
Power Spectral Density functions. First, the Power Spectral Density (PSD) func-
tions of the various stress components are directly computed from the Von Ka´rma´n
PSD. Then, the correlated stress sequences are generated and are distributed in
the fatigue spectrum according to the turbulence statistics. This innovative pro-
cess enables the improvement of the stress computation and the fatigue spectrum
generation. It replaces the current turbulence statistics by stress exceedance statis-
tics analytically defined which are reasonably conservative. Moreover, the lead time
of the process for delivering the fatigue and damage tolerance analysis inputs is
significantly reduced. Results from the fatigue and damage tolerance analysis are
presented in order to highlight the quality of the improved processes both in terms
of accuracy and lead time.
Chapter 1
State-of-the-art
In this chapter, we review the state-of-the-art in the aircraft structure analysis for
fatigue induced by turbulence. As this topic is multidisciplinary in essence, several
distinct topics are taken into account in our review. First, in order to present the
final objective of this work, the main design principles for civil aircraft structures are
provided in Section 1.1. Then, Section 1.2 focus on the fatigue and damage tolerance
analysis in the aeronautical context. Finally, an overview of the existing methods
in the global process of fatigue analysis of an aircraft structure under gust loads is
presented in Section 1.3. The latter covers various domains, such as the modelling
of atmospheric turbulence, the computation of loads and stresses, the construction
of fatigue spectra as well as the common fatigue and crack propagation methods.
Some necessary mathematical aspects are also provided.
1.1 Principles for aircraft structure design
This first section aims at giving a general overview of the context of this thesis. The
aircraft design defines the necessary requirements for the structure sizing where the
fatigue and damage tolerance analysis is involved.
Aircraft design is obviously not a continuous and straightforward process: it in-
volves many repetitive procedures and feedbacks. It is generally an iterative process
which starts with an initial tentative design configuration. One of the first steps
in aircraft design is the setting of design requirements and objectives. These are
used to formally document the project goals, ensure that the final design meets the
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requirements, and to support the future product development. The specific design
requirements and objectives are based on the customer requirements, the certifica-
tion requirements, and the company policy (often in the form of a design standard
manual). They have evolved from rather simple notes to very complex system engi-
neering documents.
In the first steps, the objective is to establish a global definition of a number of
design configurations that best comply with the design requirements. The designer
attempts to combine all technical disciplines, e.g. weight and balance, aerodynamics,
stability and control, performance, costs and noise, etc. into a well-balanced solu-
tion. Given the design requirements and objectives, the configuration is repeatedly
modified in subsequent design cycles until a satisfactory design solution is found.
The diagram presented in Figure 1.1 describes the major steps of the aircraft design
process.
Figure 1.1: Aircraft design process.
Structural design is of critical importance to aircraft safety, but also plays a key
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role in aircraft cost and performance. Several aspects impact the design of civil
aircraft structures, the major of those being:
• Airworthiness regulations and requirements
• Available materials, material data
• Required structural details
• Environmental considerations
• Production and manufacturing technologies
• Inspection and test capabilities
• Computational methods capabilities
The design criteria to be met for the structure sizing are static strength, residual
strength, durability, crack growth, sonic fatigue strength, etc. These criteria are
presented in the certification rules. They have evolved with the improvement of
computational methods, testing means, the growing aeronautical experience, and
unfortunately sometimes acquired with fatal accidents.
Figure 1.2: Explosive decompression of the fuselage of the Aloha Airlines flight 243
caused by fatigue failure.
In order to estimate the aircraft cost and empty weight, we must estimate the
characteristics of each of the components (material, weight, load path...). Then, we
need to understand how this components’ structure is sized and then, to estimate
the loads that they will have to support. Each structure component must be sized
accounting for both static and fatigue loads. The EASA [12] establishes two kinds
of static load conditions:
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• The Limit Loads are the maximum loads expected in service. Aviation certifica-
tion authorities [12, 5] specifies that there would be no permanent deformation
of the structure at limit load
• Ultimate loads are defined as the limit loads times a safety factor. In the certifi-
cation, the safety factor is specified as 1.5. For some research or military aircraft,
the safety factor is as low as 1.2, while composite sailplane manufacturers may
use 1.75. The structure must be able to withstand the ultimate load for at least
3 seconds without failure. Permanent deformations are accepted.
Fatigue loads are more complex since the dynamic response of the structure must
be considered. The structure has to support many load cycles of various amplitudes
over a long time period. In terms of structural fatigue, one of the design objective
is the Design Service Goal. It gives the fatigue lifetime of the aircraft in number
of flight cycles or number of flight hours. For any new developed aircraft, it is
necessary to demonstrate that the safety and airworthiness will be given throughout
the whole lifetime of the structure. Any initial manufacturing damage as well as any
service-induced damage should not affect the safe operation of the aircraft. In order
to provide such high level of safety, a structure inspection program is developed for
every new aircraft in compliance with Damage Tolerance requirements.
According to all these data and after several feedback loops, the final optimized
sizing of the aircraft structure is defined.
1.2 Motivations for fatigue analysis
Aircraft structural design and safety are natural stakes for the Fatigue and Damage
Tolerance analysis. Moreover, the civil air traffic becoming more and more important
since the past decades, the civil aviation authorities are faced with an increasing
number of old aircraft. According to the current forecasts, this phenomenon is still
going to increase in the coming years. Several studies have been led to increase the
Design Service Goal of old aircraft fleet to an Extended Service Goal. Fatigue and
Damage Tolerance analysis is then a major stake for aircraft manufacturers such
as Airbus in order to provide a safe and efficient design of aircraft structures in
compliance with certification rules.
A fatigue resistant structure design is based on fatigue life calculations for all
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fatigue significant structural elements during the design phase and is validated by
fatigue tests. They are organized as a pyramid which goes from coupon tests to
full-scale fatigue tests.
In 1978, the Damage Tolerance concept is adopted by the certification authorities
in the amendment 45 of the FAR 25.571 [5]. This concept aims at ensuring the safety
of the aircraft structure during its entire life. Before this date, two concepts were in
use. The Fail Safe concept recommends to use a structural redundancy to minimize
the consequences of a failure. The Safe Life concept (the older one) is still in use
for the structural components for which the redundancy is impossible. It ensures
that the structure will not have a detectable crack while its in-service life. However,
the Safe Life approach does not consider any initial defect (neither environmental,
such as corrosion, nor due to manufacturing) and the Fail Safe approach is very
restrictive and does not anticipate the possible damage of the redundant element.
Then, the Damage Tolerance concept overcomes these two approaches as much as
possible. This decision has been motivated by the improvement of the computation
methods in failure mechanics and the evolution of the non-destructive inspection
(NDI) techniques, but also by two accidents due to the failure of structural elements:
an AVRO 748 crashed in April 1976 and a Boeing 707 lost a part of its horizontal
tailplane in Lusaka, Zambia in May 1977.
1.2.1 Fatigue phenomenon
Fatigue is defined as the phenomenon causing material properties modifications
resulting from the repeated application of a load or a cycle of loads at a stress level
lower than the failure limit of the material. Fatigue and Damage Tolerance analysis
does not aim at searching the maximal stress that the structure could sustain but
the number of times this structure could sustain a lower stress in order to determine
its fatigue life.
Fatigue is studied since the XIXth century when some unexpected metal failures
in the railway industry were discovered. The first noteworthy research on fatigue
phenomenon was done by August Wo¨hler [73, 72]. He characterized the materials by
a curve (named Wo¨hler curve or S-N curve) describing their fatigue life as a function
of the stress amplitude. Many works have been performed since then, motivated by
increasing economic considerations, and much knowledge has been gained about
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the fatigue behaviour of structures and materials. Among recent syntheses on the
subject, three books [62, 65, 35] provide a large and complete review of the subject.
In a specimen subjected to a cyclic load, a fatigue crack nucleus can be initiated
on a microscopic scale, followed by a crack growth phase to a macroscopic scale,
and finally may lead to specimen failure in the last cycles of the fatigue life. At
the microscopic level, the process generally depends on crystal imperfections, which
can be increased by repeated strainings and at the same time collected to preferred
sites. Understanding of the fatigue mechanism is essential for considering various
technical conditions which affect fatigue life and fatigue crack growth, such as the
material surface quality, the residual strength, and the environmental influence. The
fatigue life is usually represented by a crack initiation period followed by a crack
growth period. The estimation of each of these fatigue life periods involves various
computational methods. It is technically significant to consider the crack initiation
and crack growth periods separately because the governing parameters are different
(for example, surface conditions do affect the initiation period, but have a negligible
influence on the crack growth period), and the crack propagation is strongly non-
linear compared to the crack initiation period.
Fatigue crack initiation and crack growth are a consequence of local cyclic slip. It
implies cyclic plastic deformation, or in other words dislocation activities. Fatigue
occurs at stress amplitude below the yield stress. At such a stress level, plastic de-
formation may be limited to a small number of grains of the material, especially at
the material surface. Once the microcrack growth occurs away from the nucleation
site, the growth becomes more regular: this is the beginning of the real crack growth
period. In the crack initiation period, fatigue is a material surface phenomenon at
a microscopic scale. This period, composed of the crack nucleation and the micro
crack growth represents a relatively large percentage of the total fatigue life for the
majority of metallic materials of the aircraft structures. The question that arises
when attempting to model the fatigue process is: when does a micro-crack become
a macro-crack? As it can be expected, no precise answer is possible. Several ap-
proaches are used: a macro-crack can be defined by its length (for example 0.01mm,
or large enough to be seen by the naked eye), or by its properties: the initiation
period is supposed to be completed when microcrack growth is no longer depending
on the material surface conditions. Fatigue prediction methods are different for the
two periods. They are discussed in more details in sections 1.3.4.1 and 1.3.4.2. The
fatigue calculation aims at obtaining the number of cycles to failure which corre-
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Figure 1.3: Various phases of the fatigue life.
sponds to the entire life of the piece of structure under study. The fracture mechanics
calculation aims at predicting the behaviour of a metallic structure with cracks. It
includes the crack growth rate computation and the residual static strength evalua-
tion which consists in the determination of the capability of a cracked structure to
sustain applied loads without failure.
1.2.2 Damage Tolerance
As generally used in aeronautics, the Damage Tolerance concept is based on engi-
neering calculations and tests aimed at establishing an inspection program of the
aircraft structure in order to prevent any structural failure. The inspection fre-
quency is set to ensure that, should serious fatigue damage begin to develop before
the design service goal of the airplane is reached, it would be found and repaired
before it grows to proportions that represent a hazard to the airplane.
The general concept of damage tolerance is defined in FAR 25.571 as follows:
”The damage-tolerance evaluation of structure is intended to ensure that should
serious fatigue, corrosion, or accidental damage occur within the operational life of
the airplane, the remaining structure can withstand reasonable loads without failure
or excessive structural deformation until the damage is detected.”
The application of this concept relies on both fatigue tests, reliable computation
methods and efficient control techniques. In this approach, we define the damage
critical length as the crack length from which the structure can not withstand the
limit loads.
The aircraft structure is sized in order to sustain the static ultimate loads. Nev-
ertheless, it is agreed that it can be weakened by one or several damages. Then, we
ensure that it would resist to the limit loads by establishing an adequate inspection
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program. The damages will be repaired as soon as detected in order to allow the
structure to carry the ultimate loads again. This is illustrated in Figure 1.4.
Figure 1.4: Principle of damage tolerance investigation.
Two quantities are defined in order to determine the inspection program:
• The first inspection threshold: number of flights before the first inspection
• The inspection interval: number of flights between two inspections
These two quantities have to be computed for each structural part designed with
the Damage Tolerance concept. The inspection threshold can be based on various
approaches:
• from the fatigue lifetime of the structural element.
• from the lifetime with a detectable defect (a test result is needed).
• from the crack propagation lifetime between an initial crack length and the critical
length. This one is used for elements with possible accidental damages.
The inspection interval length is based on the crack propagation time from a de-
tectable crack length to a critical crack length. Safety factors depending on the
structural element under study are then applied to these values.
Some structure components cannot be design according to the Damage Tolerance
concept. For instance, the structure components made from fragile metallic alloys
such as the landing gears. The critical crack length is then too small to be detectable
with the usual inspection techniques. These types of structural parts are then still
designed according to the Safe-Life criterion.
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1.2.3 Fatigue Spectrum
The fatigue loads on a structure in service are generally referred to as the Fatigue
Spectrum. The fatigue spectrum provides a defined number of load events with
differences in severity, covering all the relevant load types and allows the simulation
of the expected loading history the structure would experience during its in-service
life1. The diagram in Figure 1.5 illustrates the fatigue spectra exploitation for the
fatigue design of a structure. Without information on the anticipated fatigue spec-
Figure 1.5: Fatigue spectrum as input for the fatigue design of a structure.
trum, the fatigue analysis of a structure is impossible. Moreover, the test spectrum
is mandatory as well in order to establish the validation tests. It has to be noticed
that a fatigue spectrum can be expressed in terms of events (such as pressurization,
turbulence, landing...), loads or stresses.
In order to build a fatigue spectrum, the in-service use and all the significant
events applied to the structure have to be identified. In the aeronautical context,
1The term spectrum seems to be inadequate since it is used to define a time sequence and
could lead to misunderstandings. However, it is the usual word chosen by the structural fatigue
engineers. The reader has to keep this in mind in order to avoid confusion when other spectrum
forms will be addressed in the further sections.
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several design missions are defined in order to represent in the most relevant way the
in-service use of the entire fleet. Thus, the fatigue spectrum is a block of thousands
of typical flights. It may describe the average use of the aircraft fleet as envisaged by
the manufacturer. Each flight of the spectrum is divided into various segments (taxi,
take-off, climb, cruise,...) where the aircraft parameters (weight, altitude, speed,
configuration,...) are assumed to remain constant. For each mission segment, the
structure of a civil aircraft is impacted by various sollicitations, which can combine
with each other (see Figure 1.6).
Figure 1.6: Illustration of the design mission segmentation and of the fatigue load
spectrum.
The main factors relevant parameters for fatigue of the aircraft structure are:







Once the relevant fatigue sollicitations are identified, they are distributed into the
event fatigue spectrum according to their probability of occurrence in the consid-
ered design fatigue mission. A finite element model is used to determine loads and
stresses on the structure from the event definition. It could be a complete model of
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the aircraft structure or a reduced model in order to study only one particular com-
ponent. The stress fatigue spectrum is finally built according to the event fatigue
spectrum and the computed stresses. This stress sequence will be the input for the
fatigue and damage tolerance analysis (F&DT).
1.3 Fatigue analysis under gust loads
This section aims at providing an overview of the various existing models and meth-
ods for each step of the process for the fatigue and damage tolerance analysis of
an aircraft structure under gust loads. We first describe in Section 1.3.1 the two
main models used to represent the atmospheric turbulence impacting the aircraft
structure. The load and stress computations based on a finite element analysis are
addressed in Section 1.3.2. The next step of the process for the fatigue analysis of an
aircraft structure under gust loads is the generation of the fatigue spectrum which
is presented in Section 1.3.3. Finally, the main methods for the fatigue damage and
crack propagation assessment are provided in Section 1.3.4
1.3.1 Turbulence models
The turbulence model aims at describing the various gusts encountered by the air-
craft structure in order to compute the loads and stresses induced by these. Two
main models have been developped in the history: the Discrete Gust model and
the Continuous Turbulence model. The Discrete Gust model is the oldest one. It
considers the turbulence as a set of separated gusts like bumps of specific shape and
magnitude.
The Continuous Turbulence model considers the atmospheric turbulence as a
stationary stochastic Gaussian process. It uses Power Spectral Density functions
and associated mathematical results due to Rice [58]. A third model, the Statis-
tical Discrete Gust model [32], has been developed by Glynn Jones at the Flight
Mechanics division of the RAE in Bedford. Nevertheless, this model has never
found enough support, neither by the certification authorities nor by the gust spe-
cialists [43, 16, 50]. For the two presented models, we will describe the turbulence
model and the method used to derive the loads which will be included in the Fatigue
Spectrum.
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1.3.1.1 Discrete Gust model
In this model, the turbulence field is represented in a deterministic way as a set of
isolated gusts (see Figure 1.7). The usual individual gust (or discrete gust) idealiza-
Figure 1.7: One dimensional Discrete Gust representation.
tion of the gust structure consists in a one-minus-cosine pulse as shown in Figure 1.8
and defined by the equation:










where s is the distance into the gust (in the interval [0; 2H ]), H is the gust gradient
(equal to the horizontal distance in chord lengths from zero to the maximum gust
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where Uref is the reference velocity (its value is defined by certification depending on
aircraft speed and altitude), Fg is the flight profile alleviation factor. This last pa-
rameter is used to account for the fact that different aircraft configurations will react
differently to the same gust. Equation (1.2) enables to represent gusts with various
spatial frequencies which will excite various components of the aircraft structure
as shown in Figure 1.9. Note that for many years, the airworthiness requirements
specified only one gust length that was proportional to the size of the aircraft (25
wing chords). Equation (1.2) specifies a tuned gust length, which means that one
must consider the gust causing the highest loads. Fg must be increased linearly from
Figure 1.9: Tuned gust length: the gust velocity depends on the gust penetration
distance.
the sea level value to a value of 1.0 at the maximum operating altitude. At sea level,
the flight alleviation factor is defined by the following equation:
Fg = 0.5(Fgz + Fgm) (1.3)
2This model is certified by European Aviation Safety Agency [12] in the paragraph §25.341 a)
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The constants R1 and R2 are defined by:
R1 =
Maximum landing weight




Maximum take off weight
.
From this turbulence model, loads on each part of the structure must be determined
by dynamic analysis, taking into account unsteady aerodynamic and all significant
structural degrees of freedom. We also have to consider that the aircraft will en-
counter gusts with various shapes and amplitude (related by Equation (1.2)) ac-
cording to a given statistical law. These statistics are generally built from in-flight
measurement campaigns. Aircraft are specially equipped with accelerometres in or-
der to record acceleration data from all over the world in all turbulence conditions.
From these records, a first differentiation between accelerations due to manoeuvres
from those due to gusts has to be performed. An efficient method is presented in [59].
Then, the Pratt formula [52] enables to derive the gust velocity from the acceler-
ation measured at the center of gravity of the aircraft. For instance, reference [2]
gives the gust velocity statistics as a function of the altitude derived from various
in-flight measurements performed in the 1960es using the Pratt formula. However,
the Pratt formula assumes that the aircraft structure is rigid with only one degree
of freedom (the sole plunge, i.e. the vertical translation, is considered) and it has
been demonstrated that it is not robust regarding the type of the aircraft.
This discrete representation of atmospheric turbulence is intuitively very sim-
plistic. It is obviously very imprecise to model atmospheric turbulence as time
independant and one-dimensional, like a road with holes and bumps. Moreover,
its worst case consideration in the tuned gust length approach is not suitable for
fatigue analysis. Indeed, fatigue analysis is interested in every load intensities, even
weak ones. The worst case concept is then very conservative for fatigue analysis.
Moreover, the civil aircraft becoming larger, faster and more flexible this model
has become inadequate and too much conservative for fatigue analysis due to gust
loads. Nevertheless, this model can still be used for static sizing, giving reasonably
conservative results.
1.3. Fatigue analysis under gust loads 17
1.3.1.2 Continuous Turbulence model
This model is based on a stochastic approach relying on Rice’s results [58]. Clementson [14]
in 1950 and Press and Houbolt [53] in 1955 established the basis of this approach.
The atmospheric turbulence is considered as a stochastic process assumed to be
stationary ergodic and Gaussian (these mathematical notions are defined further
in Section 1.3.1.3). This model assumes that the aircraft will encounter a patchy
turbulence, each patch having the same Power Spectral Density function but with
various intensities. The knowledge of the turbulence statistics and the transfer func-
tion of the aircraft response enables to predict the aircraft response statistics and
their exceedances probability.
Two different Power Spectral Density functions can be used in order to represent
the atmospheric turbulence:
1. The certification authorities [12] advise to use the Von Ka´rma´n PSD described














where σw is the root-mean-square of the gust velocity (ft/s), L is the scale length





VTAS is the true air speed
3.







These two PSD have a quite similar shape (see Figure 1.10). At low frequency,
the spectrum is almost flat, then there is a knee afterwhat the spectrum decreases
linearly: this is called the inertial zone. The two spectra do not have the same
slope in the inertial zone. As pointed out earlier, the main difference between the
Von Ka´rma´n and the Dryden spectrum is the slope in the inertial zone: Dryden
built a spectrum having a −2 slope whereas Von Ka´rma´n chose −5/3. It turns out
3The true airspeed of an aircraft is the speed of the aircraft relative to the airmass in which it
is flying.

















































Figure 1.10: PSD of atmospheric turbulence from Von Ka´rma´n (red) and Dryden
(blue).
that the Von Ka´rma´n spectrum is more precise than the Dryden’s one. Indeed, the
−5/3 slope matches turbulence results [25] established by Kolmogorov in 1941 in a
well-known theory about unidimensional turbulence called K41 [34]. This result was
confirmed by the studies of Onsager [45], Heisenberg [27] and Von Weizsacker [70].
Dryden’s spectrum gives acceptable results for rigid aircraft and it was sometimes
preferred for its rational expression. Nevertheless, with the development of compu-
tational capabilities, the Dryden PSD is less used today.
The turbulence scale L has an influence on the position of the knee. Direct mea-
surements of the scale of turbulence have shown considerable variation depending
on several variables (such as effects from airplane speed used during turbulence
measurements, terrain types over which measurements are made, altitude above the
ground, meteorological conditions, atmospheric stability, etc.). In fact, the scale of
turbulence shows considerable variation between turbulence patches and no specific
value can accurately describe the spectrum in all cases. As a result, it is impractical
to select a specific scale of turbulence that is representative of any or all turbulence
encountered. Generally, the selected value used in the calculation of an analytical
power spectrum is as much influenced by considerations of computational accuracy
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and convenience of use in loads analysis, and engineering judgment. In addition, the
flat part of the spectrum has no real significance and no turbulence measurement
is available in order to validate the spectrum at very low frequency. Then, it has
been established that all the gusts encountered by any aircraft should appear in the
inertial zone. Today, L = 2500ft is considered as a consistent value (see [60]) and
this is the value recommended by the certification authorities.
1.3.1.3 Mathematical results about PSD functions
In this section, some basic tools and results for the spectral analysis of stationary
ergodic random signals are recalled.
A stochastic process is said to be stationary if its statistics are invariant under
time shifts, and ergodic if all statistical parameters can be obtained from one obser-
vation of the process over a long period of time. A Gaussian process is a stochastic
process x(t) if the random variables x(t1), ..., x(tn) follow jointly a normal distribu-
tion for any n and any t1, . . . , tn. For a stochastic Gaussian process, any finite linear
combination of samples is normally distributed. More details about these notions
can be found in [47].
The Power Spectral Density of the random signal x(t) is a positive real func-
tion which describes how the power is distributed along the frequency axis. It is








−jωτdτ with Rx(τ) = E[x(t)x(t + τ)]. (1.6)
Here, the signal x(t) is assumed to be real, stationary and ergodic.
Without loss of generality, the mean E[x(t)] can be assumed to be zero. By






A noteworthy result [47] is that the standard deviation of the process x(t) can be
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Stationarity implies that the signal has an infinite energy and that its Fourier
transform does not exist. The Power Spectral Density function can still be de-
termined using the truncated Fourier Transform XˆT (ω) from the following formulas













The above equation involves ergodic hypothesis and assumes that |τR(τ)| is abso-
lutely integrable (see [47, 7, 55]). Notice that the information on the phase of x(t)
is not carried by the Power Spectral Density.
Power Spectral Density functions have also important properties concerning linear
filters. If y(t) is the output of a linear filter with input x(t), then the following
relationship can be used for the PSD of x and y:
Φy(ω) = |H(ω)|2Φx(ω). (1.10)
Here, H(ω) is the transfer function defined as the Fourier transform of the impulse
response. This is a particularly useful result to compute any load or stress quantity
induced by gusts on the aircraft structure if we consider that the aircraft response
is linear.
Spectral moments are another interesting characteristic of the PSD functions.






























where σ2x = E[x(t)
2] is the standard deviation of the process x(t). Physically speak-
ing, if x(t) represents a displacement, then m2 is the variance of the velocity and
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m4 is the variance of the acceleration.
In the continuous turbulence model, the PSD representation gives the quantity
of energy of the turbulence contained for each frequency. Then, various shapes of
gusts are implicitly represented and the intensity is contained in the coefficient σw.
As in the discrete gust model, the turbulence statistics can be established thanks to
acceleration measurements at the center of gravity of the aircraft. In the continuous
turbulence model, the Houbolt formula [30] is used to derive gust occurrences from
the measured accelerations. This formula takes into account 2 degrees of freedom
(vertical translation (plunge) and variation of the angle of incidence (pitch)) but
still relies on the rigid aircraft assumption. From these measurements, Press and





























Initially, P1, P2 represented respectively the proportion of flight time (or distance)
in non-storm and storm turbulence and b1, b2 were the scale-parameters values for
the individual probability distributions of σw for the two types of turbulence. It
is today rather considered as an empirical equation covering the overall types of
turbulence. P1, P2, b1 and b2 only depend on altitude. Their evolution are plotted
in Figure 1.11.
Figure 1.11: Evolution of the parameters P1, P2 and b1, b2 in function of the altitude.
The Von Ka´rma´n PSD and Equation (1.15) are the necessary inputs to obtain
loads and stresses induced by the atmospheric turbulence on the aircraft. Note that
as the turbulence is defined statistically, the loads will be statistically computed.
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As a conclusion, while these two turbulence models are both reported in the cer-
tification rules, the continuous turbulence presents several advantages compared to
the discrete gust model. The ancestral discrete gust model has evolved by means of
Equation (1.2) in order to take into account a larger frequency range for the gusts.
Nevertheless, it is too conservative for fatigue because of its worst-case assumption.
The continuous turbulence model offers a better representation of the atmospheric
turbulence and is more adapted to the process of fatigue analysis of aircraft struc-
ture. Further comments on this model and on the fatigue loads criterion are provided
in section 1.3.2.3.
1.3.2 Loads and stress computation
In this section, the methods followed to derive the gust loads and stresses for the
F&DT analysis of the aircraft structures are described. As it has been explained
above, the continuous turbulence approach is the more realistic way to model the
atmospheric turbulence encountered by an aircraft structure. The load and stress
computation is performed through a FE model including the representation of the
unsteady aerodynamic forces. Several criteria enabling the establishment of the
limit and ultimate loads for static analysis and the load or stress exceedance curves
for fatigue analysis are also described as well as the required mathematical results.
1.3.2.1 From the turbulence model to loads on the aircraft structure
The dynamic response to turbulence is commonly based on linear aeroelastic models
(finite element model coupling with unsteady aerodynamics).
We recall that the input for fatigue loads computation induced by the atmo-
spheric turbulence is a PSD function. Then, the load (or any quantity of interest:
acceleration, stress,...) computation can be made very efficiently in the frequency
domain according to Equation (1.10). The computation of the transfer function
H(ω) is presented further below. Nevertheless, it is necessary to perform a dynamic
response analysis in the time domain in order to account for nonlinearities (e.g. flight
control systems,...).
In the industry, the Doublet Lattice Method enhanced by static corrections from
aerodynamic databases or dynamic corrections from unsteady Computational Fluid
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Dynamics analysis is the preferred method for the computation of unsteady aerody-
namic forces.
Doublet Lattice Method
The Doublet-Lattice Method (DLM) [6, 33, 10, 56] is widely used for flutter and
dynamic response analysis of aircraft at subsonic speeds. The DLM solves a linear
boundary value problem for harmonically oscillating lifting surfaces. It reduces
to the Vortex-Lattice Method at zero reduced frequency [33]. The DLM provides
unsteady aerodynamic loads in the frequency domain. The method is based on
linearized aerodynamic potential theory. A small perturbation approach is applied
to the acceleration potential separating it into a steady part and an unsteady part
for harmonic oscillatory motion. Since the acceleration potential is proportional
to the pressure change [56], the wake modelling is not necessary. This reduces
the computing effort and also largely simplifies the model generation compared to
time domain approaches where the wake modelling is essential. However, the DLM
is limited to harmonic rigid body motion and to elastic deformation described by
superposition of harmonic oscillations. For application of the DLM, the airplane
is represented by an aerodynamic mesh discretized in small boxes. Figure 1.12
shows an example of an industrial aerodynamic DLM mesh. The DLM yields the
matrix of aerodynamic influence coefficient (AIC) that relates control point forces
to deflections. The AIC matrix depends on the Mach number Ma and reduced
frequency k. It is denoted by Qjj. The subscript j refers to the set of aerodynamic
control points located at 75% box element chord, where a so-called ’set’ denotes
the collection of a specific type of points in a single vector. The integration matrix
Skj and the substantial differentiation matrix Djk transform the AIC matrix to the
aerodynamic loading point set located at the box element center:
Qkk = SkjQjj(Ma, k)Djk. (1.16)
In general, the loading points of the aerodynamic mesh (k-set) do not coincide
with the structural grid (g-set). In order to translate the forces on the aerodynamic
mesh into forces at the structural grids, an interpolation matrix is used. This matrix
interconnects the aerodynamic and structural models using the spline theory.
The generalized equation of motion for an oscillating gust field with unit gust
angle can be written as follows:
[−ω2M + iωB +K − qQ(k)]U = PGU . (1.17)
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Figure 1.12: Doublet Lattice Method Aerodynamic model.
Here, M , B and K are respectively the mass, damping and stiffness matrices, U is
the vector containing the degrees of freedom of the system, Q is the aerodynamic
influence coefficients matrix and q is the dynamic pressure. Equation (1.17) is
written with general coordinates enabling the diagonalisation of the matrices M
and K. As for B, it may contain non-diagonal terms due to gyroscopic forces when
it is subjected to rotation acceleration (e.g. engine thrust). The AIC matrix Q is full
and depends on the spatial reduced frequency k = ωc
2VTAS
, where c is the aerodynamic
chord length and VTAS is the true air speed. The dynamic pressure q is equal to
q = 1/2ρV 2TAS (1.18)
where ρ is the air density. Finally, PGU represents the turbulence excitation equal
to dyanmic pressure times unit load, which is formed with the downwash of the
sinusoidal field of a certain direction (vertical, lateral...) moving over the aircraft:




where γj is the angle between the aerodynamic box j of the DLM and the gust
velocity vector, xj is the distance from the gust reference point x0. The unit gust
field Wj accounts for the lag of the gust downwash moving from box to box over
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the aircraft. Solving Equation (1.17) involves only a simple division and results in
a transfer function which relates generalized displacements to a unitary oscillating
gust input of a certain direction:
HGU(ω) = [−ω2M + iωB +K − qQ(k)]−1PGU . (1.20)
Then, acceleration, load and stress transfer functions can be recovered after going
back to the physical coordinates. The nodal loads are computed on structural grid
points (g-set) using the force summation method. Finally, the interesting quantities
(IQ) are determined at output stations using transformation matrices. When solv-
ing (1.20), the non-linear effects such as the aircraft control law are not considered.
This is generally considered in a further feedback loop.
The transfer function computation enables the use of Equation (1.10) in order to
compute the PSD functions of any quantity of interest (accelerations, loads, stresses)
from the Von Ka´rma´n PSD.
1.3.2.2 Design gust loads criteria
In [29], Hoblit et al. describe various methods enabling to define a gust loads
criterion from the power spectral analysis. The mission analysis, the design envelope
analysis and the combined criterion are described hereafter.
Mission analysis
The mission analysis predicts the average frequency of load exceedances per unit
time (or distance flown) as a function of load level for each pertinent load quantity
over each segment of the mission profile. It requires the establishment of typical mis-
sion profiles, which are then broken into segments. It results in a curve of frequency
of exceedance vs load level for each pertinent load quantity. Limit and ultimate
loads are obtained by specifying the corresponding frequency of exceedance. More-
over, each level of exceedance can be used in order to define the fatigue spectrum.
Then, this criterion can be used for both static and fatigue. Hoblit et al. in [29] say
about the mission criterion: ’It appears that only by means of a realistic mission
analysis can it be assured that the gust loads defined provide a strength level that
is safe yet not overly conservative’. Nevertheless, they add: ’Considerable judge-
ment is required in setting up the design missions, and the design loads obtained
are affected to greater or less extent by the decisions made at that stage’. What
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they pointed out as a ’disadvantage’ more than 45 years ago, is no longer a blocking
point but should be kept in mind during the fatigue spectrum generation phase.
Design envelope criterion
The design envelope analysis considers potentially critical combinations of speed,
altitude, weight, and balance without regard for the operational mission profile.
This approach based on critical cases is very similar to the Discrete Gust criterion
and it is then much more adapted for static than for fatigue analysis. The design
envelope criterion defines the product σwηd where σw is the RMS gust intensity and
ηd is a factor representing the ratio of design load to RMS load. The quantity σwηd
defined by this product is analogous to the design gust velocity Uds in the Discrete
Gust approach and it is specified as a function of the aircraft altitude and velocity.
The design load at any point is then given by multiplying σwηd by A, the ratio of the
RMS value of load at the given point in the structure to the rms gust velocity. This
method is more difficult to apply to new aircraft. Indeed, only the mission analysis
provide adequate loads for a new aircraft that operates most of its time close to its
design envelope without penalizing the aircraft that operate far within their design
envelopes.
Combined criterion
In order to have the benefits of both presented methods while minimizing their
disadvantages, Hoblit et al. [29] propose to combine the two criteria. Indeed, if the
mission analysis provide good data, a considerable judgement is needed in order to
establish the mission profile and segments. Then, they suggest that conservative
design values of σwηd could be used instead of the mission analysis. Moreover, even
when a mission analysis is performed, a σwηd analysis could provide a lower bound
on mission analysis loads. This would ensure against omitting pertinent operational
elements in setting up the mission profiles and segments and it provides ensurance
against a possible rapid increase in gust response as the boundaries of the design
envelope are approached. This is the criterion recommended by the authors of [29]
for determining the limit and ultimate loads. However, it is not applicable for
fatigue.
Here, we are interested in the fatigue part and how to deliver a relevant input
for the fatigue spectrum. Then, the mission analysis seems to be the better way
to provide these input data. Moreover, in spite of the concerns formulated in [29],
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the principal aircraft manufacturers such as Airbus have today enough experience
and knowledge to provide precise design missions and segmentations. Mathemat-
ical results are presented below in order to provide the necessary background to
demonstrate the formula giving the exceedance curve used in the mission analysis
approach.
Rice’s results [58]
Rice established strong results giving properties of the time signal x(t) from the
spectral moments m0, m2, m4. He stated that the expected number of up-crossings













In particular, the expected number of zero up-crossings, commonly denoted by N0








The demonstration of these relations is as follows. Consider the two-dimensional
density function of x and x˙:
P (α, β)dαdβ = Prob[α ≤ x(t) ≤ α + dα and β ≤ x˙(t) ≤ β]. (1.23)
This represents the period of time where x is between α and α+ dα and where the




Then, the expected number of crossings per unit time through the level x(t) = α
for the velocity β is
p(α, β)
δt
= |β|p(α, β)dβ. (1.25)
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We suppose now that x(t) and its time derivate x˙(t) follow independently a Gaussian














Introducing Equation (1.28) into Equation (1.26), we obtain the Rice results (1.21)
and (1.22).
The total number of zero crossings gives an indication of the natural frequency of
the time signal. For example, if x(t) were a sine wave of frequency f0 cycles per
second, then it would have 2f0 zeros per second (and N0 would be equal to f0). This
means that N0 estimates the expected number of cycles per unit time. If x(t) is a
narrow-band process, meaning that each cyle leads to a single positive peak, then
N(α) estimates the expected number of cycles per unit time with peaks above the
level x(t) = α.
Rice also established that the expected number of maxima per unit time of the















γp(α, 0, γ)dγdα (1.30)
where p(α, 0, γ) is the third-order probability density function associated with x(t) =
α, x˙(t) = 0 and x¨(t) = γ. The demonstrations can be found in [58], but also
in [7, 8, 55, 9].
Demonstration of Press-Steiner formula
This paragraph is dedicated to the demonstration of the Press-Steiner formula orig-
inally established in [54]. In fatigue analysis of aircraft structure under gust loads,
frequency of exceedances are used to define either the gusts or stresses statistics, as
defined in the mission analysis criterion. This enables to count the peaks in the time
sequence in compliance with the cycle counting method used for fatigue. A peak is
usually define as the highest value between successive zero up-crossings.
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Considering gusts statistics, we have to estimate the root-mean-square value σVK
used in the Von Ka´rma´n PSD. That is a major result of the work of Press and
Steiner. They established that the probability density function of the turbulence




























According to the previously given definition of peaks, we consider thatN(ys) matches
the number of peaks per second above a threshold value ys. We have to consider that
the aircraft structure is exposed to various Gaussian gusts with various times on the
overall operational history. Then, the number of peaks of the studied quantity y













where N0 is the characteristic frequency of y defined by Equation (1.22). Introducing
the gust response factor Ay, defined as the ratio of the RMS of the quantity y to































where Hy(ω) is the transfer function for the quantity y. By introducing Equa-





































































































Similarly, the second term is N0P2e
−
y















This formula gives the frequency of exceedance of any quantity y (for instance air-
craft center of gravity, wing bending moment, longitudinal stress...) resulting from
the continuous turbulence excitation. Note that the N(ys) value is the average num-
ber of exceedances per hour of flight in the given mission segment. This has to be
done for each mission segment. Moreover, the ys quantity in Equation (1.38) is actu-
ally the increment due to the gust, not including the mean value at the equilibrium















Currently, certification authorities still advise the use of these statistics. It is par-
ticularly useful for fatigue analysis by using the Mission Analysis criterion. These
curves of exceedances indicate how to distribute the gusts (or any quantity under
consideration) in the fatigue spectrum.
1.3.2.3 Comments about the mission analysis approach associated to
the Continuous Turbulence model
In one of the first and most complete study about gust loads using the continuous
turbulence model [31], Houbolt, Steiner and Pratt identified 3 main assets offered
by the Power Spectral concept compared to the discrete-gust approach:
• it offers a more realistic representation of the continuous nature of the atmospheric
turbulence;
• it takes into account airplane configurations and response characteristics in a
rational manner;
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• it permits a more rational consideration of design and operational variations such
as configurations changes, mission changes, and airplane degrees of freedom.
Later, G. Coupry brings a more critical analysis about this model in [16]. He also
pointed out the excellent modelling of the atmospheric turbulence but identified
some weak points in the method. The main one seems to be the use of the stationary
and Gaussian assumptions also mentionned in [43, 15]. According to Hoblit [28], the
stationary-Gaussian hypothesis is probably slightly conservative. He adds: ”it seems
much more plausible to consider turbulence to be Gaussian and non-stationary than
stationary and non-Gaussian.” Nevertheless, this model remains the best one to
represent the fatigue turbulence loads on the aircraft structures.
1.3.3 Fatigue spectrum
Fatigue spectrum has already been discussed in part 1.2.3. Further details on the
fatigue spectrum generation for an aircraft structure under gust loads are given here.
1.3.3.1 Description of the events
A distinction is generally made between steady and incremental events. The fuselage
pressurization, the engine thrust and the aircraft weight participate to the steady
loads also called 1g-levels. Other events such as gusts, manoeuvres, bumps and
other ground events are considered as incremental events. Some of these events
are relatively simple and deterministic. Some others, for example the atmospheric
turbulence, are not deterministic so they can only be described in a probabilistic
sense. Regarding the continuous turbulence model, the input is in the frequency
domain and we have to deduce stress cycles to be considered in the fatigue spectrum.
1.3.3.2 Inclusion in the fatigue spectrum
All the incremental events are distributed in the various flights of the fatigue spec-
trum according their respective statistical laws. The mission analysis criterion with
the Press-Steiner formula (1.39) provides stress exceedance curves enabling to dis-
tribute the stress cycles induced by the various encountered gusts in the fatigue
spectrum. Various events can occur simultaneously and then create superimposed
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loads on the aircraft structure. Obviously, the 1g-level and incremental levels are
always superimposed but a combination of various incremental events is also possi-
ble. For example, the aircraft could encounter a bump during a turning manoeuvre
on the ground. In the same way, a lateral gust and a vertical gust can occur at
the same time instant. These combinations are considered in the fatigue spectrum
according to their occurrence probabilities. In the particular case of gusts, some
parts of the aircraft, are loaded almost exclusively by vertical gusts or lateral gusts
alone (e.g. vertical tailplane). But some other parts are clearly stressed by both
vertical and lateral turbulence (e.g. engine pylons). It is generally accepted that,
within any patch of turbulence, vertical and lateral gust velocities can properly be
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L , (1.40)
where VV and VL are respectively the vertical and lateral component of the gust
velocity. The above equation is known as the Round-The-Clock criterion (RTC).
This is illustrated in Figure 1.13. It aims at removing the conservatism due to the
Figure 1.13: The Round-The-Clock criterion.
very low probability of occurrence of a severe vertical gust and severe lateral gust
at the same instant.
1.3.3.3 Random and Flight-Type approaches
We recall that the fatigue spectrum represents a block of thousands of flights which
aims at describing a significant part of the fatigue life (for instance, the block dura-
tion may be around the length of an inspection interval). Currently, two approaches
may be used to establish the fatigue spectrum of an aircraft structure: the Random
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and the Flight-Type. Each type of incremental events is assumed to occur according
to a previously determined statistical distribution.
The Random approach considers that all the incremental events are distributed
randomly into each flight of the fatigue spectrum according to their respective sta-
tistical laws. Thus, for each type of mission, each flight is unique but they all contain
almost the same number of incremental events.
The Flight-Type concept introduces the idea of flight severity. It relies on the fact
that some flights or some segments of flights are calm whereas others are extremely
turbulent. For example, Bullen [11] says that the magnitude distribution of gusts
within a flight is dependent on the total number of gusts in the flight. This is
particularly true for turbulence but it can also be applied to manoeuvres for flight
segments, and bumps and turns for ground segments. Severe flights contain the most
severe events and in total more occurrences than less severe flights. The idea is to
represent the “patchy” character of atmospheric turbulence, but also the various
visited airports (differences of runways roughness, configuration leading to more or
less taxi phases,...), the additional manoeuvres to avoid storms, etc. The severity is
assumed to remain constant during a flight phase, i.e. all the climb segments of a
given flight will be of equal severity, then all the cruise segments will have another
severity, and so on. Thus, for each type of mission, several identical flight types may
be repeated.
These two approaches may lead to differences in the fatigue and damage toler-
ance analysis. Generally, the Flight-Type concept leads to less severe results for
the fatigue analysis since the ground-air-ground cycles of less severe flights will be
less damaging than in the random approach. In the crack propagation analysis, a
particular attention must be paid to the position of the most severe flights. If it
is encountered at the beginning of the fatigue spectrum, then it could lead to non-
conservative results. Indeed, the retardation effect due to plasticity could lead to an
underestimation in the crack propagation analysis. Nevertheless, the Flight-Type
approach provides better results than the Random one thanks to a better modelling
quality.
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1.3.4 Fatigue and Damage Tolerance methods
In the previous sections, it has been shown how to compute the stresses induced
by gusts and to build a time sequence according to the design mission profiles of
the aircraft. This stress sequence is the input for the fatigue and damage tolerance
analysis. In this section, computational methods used in the fatigue and damage
tolerance analysis for metallic components are presented. Note that all the presented
steps until this stage can be applied to both metallic and composite materials.
The Fatigue and Damage Tolerance analysis is the output of this process and the
application examples which have been chosen to illustrate the final step of the whole
process are applied to metallic structure components for simplicity.
1.3.4.1 Crack initiation
In this section, the usual methods for the fatigue damage assessment are described.
Fatigue under constant amplitude loading
Wo¨hler curves or S-N curves (S being the stress amplitude and N the number
of cycles) are still in use today. They enable the prediction of the fatigue life of
a material under uniaxial loading of constant amplitude. Various distinct domains
can be highlighted in this characteristic curve (see Figure 1.14).
Figure 1.14: Idealised types of S-N curves (a) without fatigue limit, (b) with fatigue
limit.
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• The Low-Cycle Fatigue domain: the failure occurs below 104 cycles. The applied
stress is generally beyond the elasticity limit of the material.
• The High-Cycle Fatigue domain: The failure occurs between 105 and 107 cycles.
• Some materials have also a third domain (see Figure 1.14(b)): below a critical
stress amplitude level (called endurance limit), the material is not damaged.
• A Very-High-Cycle fatigue domain (beyond 108 cycles) is sometimes mentionned
where the slope of the S-N curve is different from the High-Cycle fatigue domain.
Wo¨hler curves are obtained empirically applying a load cycle of constant amplitude
until the material failure. The value Nf of the number of cycles is recorded at
various levels of amplitude. These data are today easier and faster to obtain thanks
to the test machine development. Various S-N curves can be plotted for various
stress ratios R which is defined as the ratio between the minimum amplitude and





This curve conveniently displays basic fatigue data in the elastic stress range (high-
cycle fatigue) and an analytical representation of S-N curves is commonly given in
the form :
NSβ = k (1.42)
where β and k are material parameters estimated from test data. This relation-
ship (1.42) is known as the Basquin equation. In this equation, the fatigue limit,
which is present in some materials, does not appear. This horizontal asymptote is
generally observed in the steel but very rarely in non-ferrous materials. Because of
scatter in fatigue life data at any given stress level, it has been agreed that there is
not just one S-N curve for a given material, but a family of S-N curves with prob-
ability of failure as the parameter. It has to be noted that the frequency of stress
cycles does not seem to be influent on the fatigue life when the damage comes from
the sole phenomenon of fatigue. This enables a quicker test realization.
Fatigue under variable amplitude loading
In reality, in most of the studied cases, the sollicitation coming from the external
environment is random and non-monotonic. This is the case of numerous examples
widely studied:
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• bridge or building response to wind effect or earthquake,
• boat or offshore response to swell action,
• car frame response to road roughness,
• aircraft response to atmospheric turbulence,
• spatial rocket response to acoustic vibrations, etc.
Application fields are then multiple and their study is essential. The dynamic re-
sponse of the structure subjected to random or periodic excitations has to be de-
termined. In order to assess the fatigue damage created by a variable amplitude
loading, one could assess the fatigue damage created by each cycle separately and
then find a way to sum all the computed damages. For this purpose, cycles of equal
amplitude are counted and brought together with the so-called cycle counting meth-
ods. Then, the fatigue damage induced by each group of cycles of equal amplitude
can be assessed with S-N curves or the Basquin law (1.42) and summed up with the
cumulative damage rule.
The Rainflow counting method. When a structure is subjected to random
vibrations, the first step is to count and gather the cycles of equal amplitude. Several
methods of cycles counting are described in [3]. The most widely used and the
most efficient one is the Rainflow counting method. Established by Matsuishi and
Endo [40], it aims at extracting the equal amplitude cycles from time sequences
and recording them into a matrix. The Rainflow counting method is based upon
Figure 1.15: Examples of Rainflow cycles.
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a 4 consecutive point study. After reducing the time signal to a sequence of local
minima and maxima, a check on the four points defined as on Figure 1.15 is made
in order to verify if they match the condition (1.43):{
|Si+2 − Si+1| ≤ |Si+3 − Si+2|
|Si+2 − Si+1| ≤ |Si+1 − Si|.
(1.43)
If it is actually verified, the couple of points (s2, s3) with amplitude sa = |s2 − s3|
is extracted from the sequence and s1 and s4 are connected one to each other. The
process is repeated iteratively until the end of the sequence.
The Rainflow count procedure has found some support by considering cycling
plasticity. By taking into account 4 consecutive points, it differs from other methods.
Indeed, it will consider only two cycles of greater amplitude where others will count
three cycles (see on Figure 1.16). Thus, it keeps the greatest amplitude cycles (which
intuitively cause most of the damage).
Figure 1.16: Comparison between a two-point method (on the left) and the Rainflow
counting method (on the right).
This has the advantage of finding again the hysteresis loops from stress-strain
graph as shown in Figure 1.17. Rainflow count is then supposed to take into account
plastic deformations as they appear.
Rychlik [61] proposed an equivalent definition of the Rainflow counting method
as shown in Figure 1.18. Let us consider the load trajectory s(t) with t ∈ [0, T ] and
Mi the local maximum of level k at time ti. We can define:
• m−i as the minimum of s(t) between the last down-crossing of level k and Mi;
this minimum occurs at time t−i ;
• m+i as the minimum betweenMi and the first up-crossing of level k; this minimum
occurs at time t+i ;
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Figure 1.17: Hysteresis loops associated with Rainflow counts.
If there does not exist any crossing of level k before or after time ti, then we could
have respectively t−i = 0 or t
+










Then, the rainflow cycle to be extracted is defined by (mrfci ,Mi) or (Mi, m
rfc
i ). This
definition is equivalent to the first one.
Figure 1.18: New definition of the Rainflow counting method.
Cumulative damage rule. When a structure is subjected to a load sequence of
variable amplitude, it is necessary to find an efficient mean to compute the total
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damage caused by the various cycles. There is currently no cumulative damage law
which would be satisfactory and universally recognized. The most widely used is the
Palmgren-Miner linear cumulative damage rule. First proposed by Palmgren [46]
in 1924, its actual mathematical formulation has been established by Miner [41].
According to this rule, the application of n1 cycles with a stress amplitude S1 (leading
to a N1 cycles fatigue life), is equivalent to “consume”
n1
N1
of the fatigue resistance.
The same assumption applies to any subsequent block of load cycles. Failure occurs
if the fatigue resistance is fully “consumed”. The total damage created by a load







Damage D is a non-dimensional counter which enables to assess the fatigue life
endurance. It is assumed that failure occurs if D > 1. An interesting review of
this rule is given by Schijve [62]. The most significant shortcoming of the Palmgren-
Miner rule is that the linear sum neglects the sequence effects. The linear cumulative
damage law predicts an equal damage for a sequence of two blocks of different
amplitudes, whenever the greater amplitude block occurs (before or after the lower
amplitude block). Practically, the failure will occur earlier if the sequence starts
with the lower amplitude block. Indeed, the greater the amplitude, the shorter the
failure crack length. The first block of the sequence, the lower amplitude one, creates
microcracks and the second block leads to failure. If we invert the two blocks, the
lower amplitude block, the second one, will lead to failure from a greater crack than
in the first case and the fatigue life will be longer. This property is even more true
when the studied piece is notched. Indeed, the plasticity effects are very important
at the notch root and they tend to increase the fatigue life. It is obvious that the
Palmgren-Miner rule is unable to take into account the plasticity effects and these
could have a great importance for a notched structure. A high amplitude block
of cycles creates residual stress at the notch root and the following low amplitude
cycles create less damage.
Another clearly visible default of this rule is that it does not take into account
the damage induced by cycles of amplitude under the fatigue limit. Indeed, the
Wo¨hler curve gives Ni = ∞ and so ni/Ni = 0. In the example of two blocks
of amplitude S1 and S2 with S1 > S2 and S2 under the fatigue limit, the first
block creates microcracks and the second block may keep on crack propagation
until failure. Then, by considering the fatigue limit, the linear cumulative damage
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rule may be unconservative. On the opposite, if the fatigue limit is not taken into
account, the resulting damage may be overestimated.
The Palmgren-Miner rule is based on only one parameter:
∑
i ni/Ni, ignoring
the plasticity effects, the residual stresses, the importance of the sequence order and
the stresses under fatigue limit. However, this law is still the most currently used
because no other law has brought a full satisfaction. It is obvious that plasticity
effects and residual stresses are very difficult to model mathematically, that could
be a reason of the longevity of this law.
Spectral methods
Alternatively, we can use a frequency-domain fatigue analysis based on the so-
called spectral methods, in which the irregular stress response is modelled as a
random process. These methods are clearly quicker and easier to apply compared
to the temporal approach. Indeed, these methods are based on the Power Spectral
Density functions and Rice’s results presented in 1.3.2.2. Then, the calculation
is simplified by reducing a convolution product to a simple multiplication. These
methods rely on Rice’s results in order to deduce, from their PSD functions, the
noticeable temporal properties of the stress signals which are then used to compute
the fatigue damage. However, they are currently limited to fatigue analysis and
stationary and Gaussian stresses. Among the various spectral methods, let us cite
first the Rayleigh approximation [71] and the Single-Moment [38] which enable the
assessment of the fatigue damage from the PSD function characteristics, but also [22,
75, 67] which are based on the estimation of the Rainflow cycles from the PSD
function. Today, in spite of a weak theoretical justification, the Dirlik method [22]
is often considered as the reference among the spectral methods.
1.3.4.2 Fracture mechanics
Cyclic loading on a cracked structure will create the growth of the crack. The crack
propagation study aims at giving the crack growth rate. The residual strength
provides the capability of the cracked structure to sustain applied loads without
failure. Paris and Erdogan [48] are among the first ones to provide a formula enabling
the computation of the crack growth rate per cycle of constant amplitude da
dN
(a is the
crack length and N is the number of cycles of a given amplitude). They established
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where C and m are material constants and ∆K is the difference between the stress
intensity factor at maximum and minimum loading. The stress intensity factor K
is used to predict the stress state near the crack tip. The magnitude of K depends
on the geometry, the size and location of the crack and on the crack loading mode
(see Figure 1.19). It may be interpreted physically as a parameter which reflects the
redistribution of stress in an elastic body due to the introduction of a crack.
Figure 1.19: Various crack loading modes.
The mode 1 is the opening mode: the crack surfaces move directly apart. The
mode 2 is the shear mode. It is a sliding mode where the surfaces of the crack
move in the same plane but perpendicular to the crack tip. The mode 3 is the
tearing mode. The surfaces of the crack move in the same plane and parallel to
the crack tip. This movement is produced by shear in crack plane, but parallel to
axis Oz. Modes 2 and 3 occur generally on massive structure parts under complex
loading (e.g. tension+bending). Mode 1 is the most common load type encountered
in engineering design. It is also the most critical. In the following paragraph, the
crack growth behaviour description is limited to the mode 1.
The typical behaviour of the crack growth can be plotted according to test results.
Three regions can be highlighted on the log-log diagram plotted in Figure 1.20. In
the first region, growth occurs according to discontinuous mechanisms and is highly
influenced by the microstructure. In region 2, the growth is stable and regular
enabling to model the crack growth loglinearly, usually by the Paris-Erdogan law.
In region 3, the growth becomes unstable and we tend towards sudden fracture
governed by the critical value of the stress intensity factor.
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Figure 1.20: Typical fracture mechanics fatigue crack propagation behaviour.
The Paris-Erdogan law has been slightly modified today by the crack closure
concept. Elber [24, 23] showed that the propagation can occur only if the crack is
fully open (i.e. no contact between crack lips). This retardation model is based
on the fact that only one part of the stress cycle, larger than the crack opening
stress related to Kop, contributes to the crack opening. The crack opening stress
level and the crack growth increment depend on the previous load history and they
have to be calculated cycle by cycle. The Elber concept is illustrated in Figure 1.21.
Thus, only the upper part of the cycle contributes to the crack growth. The effective
Figure 1.21: Crack closure concept.
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variation notion of the stress intensity factor ∆Keff = Kmax −Kop is deduced and





Note that this model can be directly applied to a structure subjected to variable
amplitude loads. However, the superposition of overloads and underloads generate
plasticity at the crack tip which leads to a crack retardation effect. The assump-
tion that crack retardation due to overload may be ignored gives a conservative
result. Nevertheless, more realistic crack propagation calculations can be obtained
by including retardation effects.
The fatigue analysis, the crack propagation study and the residual strength com-
putation provide results enabling to define the inspection program in compliance
with Fatigue and Damage Tolerance airworthiness certification requirements, ensur-
ing the safety of the aircraft structure.
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Chapter 2
Current process at Airbus
This chapter is dedicated to the current process implemented at Airbus for the mod-
elling of the fatigue spectrum of aircraft structures under gust loads. Section 2.1
presents the process layout and the various methods and tools involved in this pro-
cess. It is divided into four subsections. Subsection 2.1.1 presents the computation
of the unitary stresses due to Von Ka´rma´n turbulence. They are obtained with a
static FE analysis assuming that the RMS of the Von Ka´rma´n PSD is equal to one.
Then, Subsection 2.1.2 introduces the Dynamic Response Factor (DRF). This factor
is used to account for the various oscillations which are not taken into account in the
static stress computation. Subsection 2.1.3 presents the methodology implemented
to generate the stress cycles in the fatigue spectrum. This is based on the definition
of the mission profiles, the turbulence statistics, the DRF and the unitary stresses.
The sequence of stress cycles is the final input for the F&DT analysis. Finally,
Subsection 2.1.4 provides some results in terms of computation cost and lead time.
Section 2.2 identifies the main strengthes and weaknesses of the Airbus process.
This section is organized as follows: Subsection 2.2.1 comments on the fatigue loads
computation from the continuous turbulence model. Then, Subsection 2.2.2 deals
with the turbulence statistics which are used to distribute the gust events in the
fatigue spectrum. Subsection 2.2.3 analyzes the generation of the sequences of stress
cycles in the fatigue spectrum. Finally, Subsection 2.2.4 provides a conclusion on this
analysis and provides some recommendations which would enable the improvement
of the Airbus process.
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2.1 Description of the process
2.1.1 From turbulence model to unitary stresses
The continuous turbulence model (see Section 1.3.1.2) has been chosen for gust loads
computation at Airbus since the A340 program in order to compute the fatigue loads
induced by the atmospheric turbulence because it offers a better representation of
the atmospheric turbulence and it covers the complete frequency range. The Von
Ka´rma´n PSD function (Equation (1.4)) is the input for all the turbulence loads and
stresses computation. This PSD is normalized i.e. σw = 1. From this input and
with the dynamic finite element model of the aircraft structure, the aerodynamics
equations (1.17) and the transfer functions, we are able to compute the PSD func-
tions of various load quantities (e.g. bending, torque, etc.) with the straightforward
relation (1.10). The dynamic FE model is a condensed version of the static global
FE model. Figure 2.1 shows the PSD function of the wing root bending moment
induced by the normalized vertical turbulence excitation. The first mode is a mode
Figure 2.1: Wing root bending moment PSD function
due to the handling quality of the aircraft whereas the second mode comes from the
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flexibility of the structure.
Various load cases are then defined from the PSD functions and the correlation
coefficients between the various load quantities (e.g. bending MX , MY , MZ , torque
TX , TY , TZ ...). The correlation coefficients ρij between two various load quantities








where Hi and Hj are the transfer functions associated with quantities i and j re-
spectively, ∗ denotes the conjugate and A is the gust response factor defined as the
ratio between the RMS of the load quantity and the RMS of the turbulence σw
(see Equation (1.32)). As the Von Ka´rma´n PSD is normalized (σw = 1), the gust
response factor is equal to the RMS of the load quantity under study Ai = σi. The
correlation coefficient enables the correlation between two load quantities induced
by the same random turbulence. It can be shown [20] that if any load quantity i has
the value i = kσi, σi being the RMS of i and k a multiplicative coefficient, then the
most probable value for the load j is j = kρijσj . From the correlation coefficients,
thousands of load cases are derived for each relevant location of the aircraft struc-
ture. Then, there is a downselection in order to obtain few relevant load cases by
aircraft component. The final load cases are selected regarding mechanical consid-
erations in order to keep the target coverage of the total load level while reducing
the computation cost.
We recall that the load cases are obtained from the normalized PSD functions.
Airbus traditionaly uses a unitary gust intensity at 10ft/s. Then, the load cases
are multiplied by an intensity factor Uσ. This factor aims at scaling the continuous
turbulence intensity to the same vertical load factor, i.e. the vertical acceleration at
the centre of gravity, produced by a 10ft/s discrete gust. Moreover, the intensity
factor Uσ only depends on the altitude and is the same for lateral and vertical
turbulence [66]. The unitary load cases are then applied to a more refined static
global FE model than the dynamic one in order to compute the static unitary stresses
anywhere on the structure. Thus, the stresses are obtained from the continuous
turbulence model as unitary static stress values corresponding to a 10ft/s discrete
gust.
48 Chapter 2. Current process at Airbus
2.1.2 Dynamic Response Factor
The Dynamic Response Factor (DRF) shall account for the fact that one excitation
event may lead to more than one dynamic response peak, according to the struc-
tural characteristics and interaction with the excitation. For example, even for a
rigid aeroplane, a single and isolated discrete gust causes several oscillations of the
acceleration at the aircraft centre of gravity and then several cycles of loads. Such
secondary load cycles may also contribute to the structural fatigue damage and are
accounted for in the DRF.
Historically, when the discrete gust model was in use, involving a deterministic
representation of gusts in the time domain, the full time history of the relevant load
quantities, including the maximum and minimum values, was computed and deliv-
ered to the fatigue analysts. Then, the fatigue analysts could perform the classical
Rainflow counting method and then assess the damage due to the complete time
history. They also perform the analysis of the damage due to the single minimum-
maximum cycle. The Dynamic Response Factor was then defined as the ratio of
the damage due to the complete time history to the damage of the main minimum-
maximum cycle. It was computed for a 10ft/s discrete gust and could be applied to
any other gust velocity. This is called the principle of Equivalent Damage.
Today, with the continuous turbulence model, as the computation is made in the
frequency domain, such time histories are no longer available. Then, the Dynamic
Response Factor is defined in a different way. We no longer use the equivalent
damage but the load PSD functions. Indeed, the characteristic frequency N0 (equal
to the number of zero up-crossings, see Equation (1.22)) is an appropriate measure
for the number of cycles caused by a gust excitation. It has been explained previously
that the number of zero up-crossings is related to the number of peaks and then to
the number of cycles. Then, the Dynamic Response Factor is defined by:
DRF = N0(i) (2.2)
where N0(i) is the characteristic frequency of the load quantity i (e.g. MX , MY ,
TZ ...).
By choosing the DRF defined by Equation (2.2), it is possible to have as many
DRF values as the number of computed load PSD functions for each calculation
point. For practical reasons, common DRF values are derived per component or
sub-component in order to satisfy the representativity on selected ’pilot’ interesting
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quantity. This value is agreed between the Loads and Aeroelasticity department
and the fatigue stress teams.
2.1.3 Fatigue spectrum generation
The fatigue spectrum team has to generate, deliver and support the fatigue spectra
(for both analysis and tests) at aircraft level for the purpose of F&DT justification
and certification analysis. The event fatigue spectra are defined at aircraft section
level (nose fuselage, centre fuselage, inboard wing, outboard wing, pylons, etc.)
according to the Flight-Type concept (see Section 1.3.3). We recall that the fatigue
spectrum is a sequence representing the pre-defined mission profiles where various
increments may be combined. For instance, manoeuvres, lateral gusts and vertical
gusts can be combined during flight segments. As the input of the continuous
turbulence model is defined in the frequency domain by the Von Ka´rma´n PSD
function, the transition to the time domain has to be managed in order to include
the gust events in the fatigue spectrum. For that, the various required data are:
• the mission profiles,
• the turbulence statistics,
• the unitary stress values,
• the Dynamic Response Factor.
The definition of the mission profiles relies on the Airbus experience and depends on
the expected average use of the aircraft. The unitary stress values and the DRF have
been presented in the previous subsections. The turbulence statistics give the num-
ber of gusts encoutered by the aircraft during a flight segment as a function of the
gust velocity. The currently applied ones at Airbus have been kept since the discrete
gust model. They are statistics of exceedances of gust velocities based on in-flight
measurement campaigns realized in the 1960es [2] and then corrected by Leyman
and Gray [26] for low gust velocities. The derivation of the gust velocities from the
aircraft load factor measurement relies on the Pratt formula [52]. The statistics of
exceedances of gust velocities for a climb segment are plotted in Figure 2.2. For a
given threshold of the gust velocity on the y axis, the number of exceedances is read
on the x axis. These statistics, initially established for the discrete gust model, can
be applied in this process using the continuous turbulence model by the way of the









































Figure 2.2: Statistics of exceedances for gust velocities during a climb phase.
intensity factor Uσ (see [66]).
Before the distribution in the fatigue spectrum, the exceedance curves are stepped
into various gust intensity thresholds. This stepping is necessary to make easier the
fatigue spectrum generation. Indeed, it simplifies the distribution in the various
segments and it enables the definition of the criterion for the combination of lateral
and vertical gusts. In this stepping, the truncation level (the highest gust intensity
encountered) and the omission level (the maximum number of exceedances for the
lowest gust velocity encountered) are defined. These levels can have an important
impact on the fatigue and damage tolerance results. The truncation level should not
be taken too high because rarely occurring high loads tend to have a beneficial effect,
particularly on crack growth for metallic structures. The omission level has a major
influence on the fatigue spectrum complexity and this is particularly important for
fatigue test duration time.
Load and stress computation is assumed to be linear with the gust intensity.
Then, the stress statistics of exceedances are obtained from the gust ones by a
simple multiplication. On one hand, the gust velocities on the y axis are multiplied
by the unitary stress value which is equal to the stress-to-gust ratio multiplied by
the intensity factor Uσ. On the other hand, the number of exceedances on the x
axis are multiplied by the Dynamic Response Factor.
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From the fatigue mission profiles and the various event statistics, the event fatigue
spectrum is built. If various incremental events are combined, the respectively
induced stresses are directly summed. Finally, the complete stress sequences are
built and they will be the input for the F&DT analysis.
Figure 2.3: Example of a stress sequence generated for a single flight for a centre
fuselage frame.
The current Airbus process relies on the typical fatigue mission definition as in
the mission analysis criterion (see Subsection 1.3.2.2). However, the two approaches
are then different in the definition of the stress exceedance statistics. In the Airbus
process, they rely on the turbulence statistics [2, 26] already used with the discrete
gust model whereas the mission analysis approach uses the Press-Steiner analytical
formula (1.39).
The whole process currently applied at Airbus for the fatigue analysis of aircraft
structure under gust loads is represented as a schematic diagram in Figure 2.4.
2.1.4 Lead time
Here, we provide some data in order to roughly assess the lead time of this whole
process for a new aircraft program. The final stress sequences required in order to
perform the first F&DT analysis are commonly delivered between 8 months and
one year after the process starts, in function of the aircraft program, the various
interactions between the involved departements and the aircraft component. This
total lead time is decomposed as follows.
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Figure 2.4: Diagram of the current process for F&DT analysis of aircraft structure
under gust loads.
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The first steps of this process, performed by the Loads and Aeroelastics depart-
ment, consist in defining the design fatigue missions and the general principles for
the fatigue loads consideration (known as the Fatigue Loads Philosophy) for the new
aircraft program. Generally, the required time for these steps is around 2 months.
Then, the building and the preparation of the aerodynamic model for fatigue loads
computation will last around one month. The computation of the fatigue loads on
the whole aircraft requires between 1.5 and 2 months, including the computation it-
self and the validation of the computation. The computation cost in order to obtain
all the PSD functions and the correlation coefficients necessary to the establishment
of the load cases (around 1 day) is insignificant compared to the complete lead
time. One more month is necessary to define and deliver the final unitary fatigue
load cases (through a downselection) at aircraft component level. The computation
and delivery of the unitary stress values and the dynamic response factors by each
fatigue stress team could last between one and two months. There may be impor-
tant discrepancies between the various aircraft sections due to the complexity of the
model, the number of selected load cases and the number of computation points.
The fatigue spectrum team needs two main input data: the fatigue mission defini-
tion with the exceedance curves for each incremental event at aircraft level and the
DRF and unitary stress values at component level. The required data at aircraft
level are generally contained in the fatigue mission definition and the fatigue loads
philosophy files. The final spectrum delivery can occur 2.5 months after reception
of the aircraft level data and 1.5 month after the component level data.
2.2 Critical analysis of the process
Here, a critical analysis of the current process implemented at Airbus is presented.
Fatigue analysis of aircraft structure under gust loads is a multidisciplinary and
complex process at industrial scale. It is bounded by complex requirements aiming
at designing competitive aircraft. The following comments aim at identifying the
strengths and the weaknesses of the as-is process in terms of modelling quality, com-
putation accuracy and lead time. First, the turbulence model and the computation
of the induced fatigue loads is analyzed. Then, we have a look to the turbulence
statistics and finally, to the generation of the stress sequences. The last subsection of
this chapter makes conclusions from this analysis and gives some recommendations
in order to improve the current Airbus process.
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2.2.1 Turbulence model and loads computation
The starting point of this process is the continuous turbulence model. This model is
today the most relevant to represent the fatigue loads due to atmospheric turbulence.
The Von Ka´rma´n PSD function has been established from rigorous theoretical con-
siderations and validated by several turbulence measurements. The load quantities
are obtained very efficiently and accurately in the form of PSD functions. More-
over, the Airbus process relies on the definition of typical fatigue missions as in the
mission analysis approach recommended by the certification authorities [12].
2.2.2 Gust statistics
However, the Airbus process turns to be slightly different from the mission analysis
criterion afterwards. Indeed, the latter approach defines the exceedance curves of
loads or stresses with the Press-Steiner formula (1.39) whereas the Airbus process
still uses the same turbulence statistics already in use with the discrete gust model.
This choice was motivated by keeping unchanged the industrial process downstream.
Numerous changes compared to the mission analysis approach can then be noticed.
First, the gust intensity which has been normalized in the Von Ka´rma´n PSD is
recovered using the intensity factor Uσ. This factor has been defined from results
of various atmospheric turbulence studies [17, 1] and is independent of the aircraft
under study. The definition of the factor Uσ is very useful and robust since it is only
altitude dependent and applicable to both lateral and vertical turbulence. Then,
the statistics used to derive exceedance curves are different. The ESDU statistics [2]
have been derived from several in-flight measurement campaigns in the 1960es. They
have been corrected by Leyman and Gray [26] for a better representation of the
low gust velocities. Regarding the Pratt formula [52] which is used to derive gust
velocities from measured vertical accelerations, it has been proven to carry several
inaccuracies. First, the results are aircraft dependent. The derived gust velocities
from the Pratt formula for the same turbulence will be different for two different
aircraft. In addition, the aircraft is assumed to be rigid with only one degree of
freedom (only the plunge is considered) and to encounter only one gust shape, i.e.
gusts with only one wavelength. Moreover, no separation between accelerations due
to gusts and accelerations due to manoeuvres has been performed on the recorded
accelerations. It results in an asymmetry between upwards and downwards vertical
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gust exceedance statistics even though the atmospheric turbulence is assumed to
be isotropic. This asymmetry is decreasing with the altitude, since there are more
manoeuvres at low altitude than during the cruise phases. It seems inaccurate to
apply to present aircraft the gust velocities derived from the vertical acceleration
measured at the centre of gravity of an aircraft flying in the 1960es. Nevertheless,
these inaccuracies are well-known and lead to conservative statistics.
Figure 2.5 presents a comparison between the stress exceedance curves used in
the Airbus process and defined by the Press-Steiner formula. This comparison has
been provided on the σx stress component on a panel of the wing lower cover during
the climb segment. This figure shows that the statistics used at Airbus are more
Figure 2.5: Exceedance curves comparison between the Airbus statistics and the
Press-Steiner formula (Certification)
conservative than those recommended by the certification. The two curves have a
similar shape with two straight lines of different slopes in log-log coordinates. For the
Airbus statistics, the variation of the slope always occurs for a 10ft/s gust velocity
whereas it depends on the gust response factor A in the Press-Steiner formula (1.39).
As the approach for establishing these stress exceedance curves is different, we may
have slight differences if we compare on other computation points.
Since the Press-Steiner formula was established on the same basis as the ESDU
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statistics (old aircraft measurement, one single degree-of-freedom,...) and has no
theoretical justification, the same criticisms can be formulated. Nevertheless, the
use of the raw turbulence statistics involves additional steps to derive the stress
exceedance curves. The static computation of the unitary stress values from the
derived load cases using a refined FE model and the DRF definition tend to increase
the lead time of the process and introduces some inaccuracies. On the contrary,
the Press-Steiner formula establishes a direct link in the exceedance curve definition
between the RMS (equivalent to the unitary stress value), the N0 (equivalent to
the DRF) and the number of occurrences of each stress level. However, the stress
exceedance curves could be established only from the stress PSD functions (which
are not available in the current process) and they do not take into account the
correlation between each stress component. Moreover, the current Airbus process is
today conservative enough to ensure the safety of the aircraft structure.
2.2.3 Generation of the stress sequence
From the load PSD functions, several steps are necessary to obtain the stress se-
quences which are the input for the fatigue and damage tolerance analysis. The
generation of the stress sequences is performed by the Fatigue Spectrum team. The
necessary inputs are: the mission profile, the unitary stress values, the DRF and the
exceedance curves.
From the various load PSD functions, the RMS values and correlation coefficients
are extracted in order to establish various load cases. Several relevant load cases
are finally selected for each structure component. This downselection is very time
consuming. Each retained load case is calibrated as a 10ft/s discrete gust thanks
to the intensity factor Uσ. The latter coefficient computation relies on several stud-
ies [17, 1] and is an efficient way to obtain unitary values enabling the use of fixed
statistics. The unitary stress values are then computed by a linear static analysis on
a refined structural FE model. Here, the dynamic response of the aircraft structure
is not considered.
The dynamic response of the structure, which was still contained in the load
PSDs, is then lost. The DRF aims at recovering this information. Unfortunately,
the definition of this factor is not very accurate. Indeed, it is a compromise on
a large structural area between the number of zero up-crossings N0 of the various
load quantities (MX , MY ,...) (see Equation (2.2)). In addition, the damping of the
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secondary cycles is not taken into account in this formula. Each zero up-crossing is
assumed to lead to a cycle of maximum amplitude. The Dynamic Response Factor
is finally based on the engineering judgement and discussed beween the various
departments involved at this stage. The final agreement on this value generally
leads to conservative results.
The final generation of the stress sequences has to take into account the cor-
relation between the various components of the stress tensor. Generally, a two
dimensional analysis is sufficient, involving the 3 stress components: σx, σy and
τxy. The correlation between the static stress components is provided in the stress
sequence obtained by combining the event fatigue spectrum and the unitary stress
values. Combinations between manoeuvres, lateral and vertical gusts are considered
in the event fatigue spectrum.
All the steps enabling the transition between load PSD functions to temporal
stress sequences are a burden for the lead time of the process. The load cases corre-
lation and selection is an important workload. The compromise about the Dynamic
Response Factor has also a negative impact on the process lead time as it involves
several departments. The computation of the unitary stresses is performed via a
refined FE model. It adds several loops between the various involved departments
(Loads, FE model, fatigue stress teams) in order to harmonize the data and this
increases the lead time as well.
2.2.4 Conclusion about the current process implemented at
Airbus
The whole industrial process which aims at performing the fatigue and damage
tolerance analysis of an aircraft structure under gust loads at Airbus has evolved
over the years. The main change was the replacement of the discrete gust model by
the continuous turbulence. It enables the efficient and accurate computation of the
loads in the frequency domain. The use of the same gust statistics were preserved
by adding the intensity factor Uσ. These statistics gave satisfaction since they are
conservative. Nevertheless, they could be replaced by the Press-Steiner formula in
compliance with the certification recommendations. Moreover, recent in-flight data
measurements could lead to an update [19] (either leading to new statistics or an
update of the P1, b1, P2, b2 values in the Press-Steiner formula) but a huge quantity
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of data and then of analysis is required.
The stress sequence generation involves lots of steps which increase the process
lead time. The static computation of the unitary stress values and the DRF defini-
tion increase the lead time and add some conservatism.
A direct PSD stress computation from the continuous turbulence model input
through a complete FE model would avoid most of these steps and improve the
accuracy of the stress computation and the dynamic response consideration. It
would also enable the direct use of the Press-Steiner formula in order to obtain the
stress exceedance curves. However, the various components of the stress tensor are
not correlated with this definition. The new challenge is then to obtain the stress
PSD functions from the Von Ka´rma´n PSD with an enhanced complete FE model




From the analysis of the main strengths and weaknesses of the process currently
implemented at Airbus, three steps of improvement are presented in the following
sections in order to obtain a leaner and more accurate process. In Section 3.1, a first
improvement of the process based on the stress PSD computation through a complete
global FE model is presented. In Section 3.2, a second improvement is presented.
The current gust statistics are replaced by the stress exceedance curves defined by the
Press-Steiner analytical formula (1.39) as it appears in the certification rules [12]. In
Section 3.3, the final improved process is presented. It is composed of both the first
and second improvements associated with an innovative algorithm. This innovative
algorithm enables the efficient generation of correlated stress sequences in the time
domain. This section is organized as follows. Subsection 3.3.1 first recalls the well-
known results to generate the time signals from the PSD functions and then provides
an innovative algorithm to obtain the correlated stress sequences. From these results,
Subsection 3.3.2 describes the new methodology enabling the efficient generation of
the stress sequences in the fatigue spectrum. Finally in Section 3.4, conclusive
remarks are provided on the various presented improvements. In particular, the
three progressive steps of improvement are compared.
3.1 Computation of the stress PSD functions
The first idea in order to improve the current process at Airbus is to perform a
direct computation of the stresses as PSD functions from the continuous turbulence
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model. Indeed, one of the main weaknesses identified in the current process is the
multiplication of the steps between the continuous turbulence model input and the
stress computation. Let recall that the computation of the load PSD functions is
really efficient both in terms of accuracy and computation cost. However, in the
current Airbus process, the computation of the unitary stress values from the load
PSD is time consuming and introduces some inaccuracies. Therefore, a direct com-
putation of the PSD functions of the various stress tensor components has already
been mentioned as a possible improvement. Indeed, this direct computation has
several benefits. First, it establishes a direct link between the computed stresses
and the continuous turbulence model input. Then, it naturally leads to a reduced
lead time and a better accuracy.
This computation requires an enhanced global FE model. Indeed, the FE model
necessary to perform this computation has to represent accurately both the dynamic
response and the local structural behaviour of the aircraft. This is a mandatory
requirement in order to obtain accurate stress PSD functions. From the current
dynamic FE model, several improvements have to be brought. First, as in the com-
putation of the load PSD functions, the aerodynamic forces have to be considered
with the Doublet Lattice Method (DLM) and the fatigue mass cases have to be
added for each flight segment. In addition, the structural response needs to be im-
proved. Indeed, as the stress computation is performed with the refined structural
model, the current dynamic model is not detailed enough to compute the stress PSD
functions in all the aircraft structure. The building of the enhanced FE model is
currently on-going at Airbus. Nevertheless, the stress PSD functions induced by
the turbulence will be computed at a few well-chosen structural points. Figure 3.1
represents the PSD functions of the components of the 2D stress tensor computed
on a quadrilateral element of the bottom cover of the wing during a cruise segment.
Note that the control law is not taken into account in this computation. It will be
considered later in a feedback loop on the transfer function computation.
From the stress PSD functions, the RMS values are extracted by a simple inte-
gration of the PSD function (Equation (1.8)). The same scaling factor Uσ can be
used in order to obtain unitary stress values corresponding to a 10ft/s discrete gust
intensity [66]. The rest of the process is then almost unchanged. The same statis-
tics are used to distribute the gust stresses in the fatigue spectrum. The Dynamic
Response Factor still relies on the computation of the number of zero up-crossings
(Equation (1.22)) from the PSD function. However, it is now computed from the
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Figure 3.1: Power Spectral Density functions of the various components of the 2D
stress tensor.
stress PSD functions. Indeed, we can replace the current value which is based on
a compromise between various load quantities and which must be applicable on a
large structural area, by the number of zero up-crossings N0 computed from the
stress PSD function. Thus, we have a more accurate value for each computation
point, even if each zero up-crossing is still assumed to lead to a cycle of maximum
amplitude. Then, the generation of the fatigue spectrum relies on the same inputs
and follows the same process. The diagram in Figure 3.2 represents schematically
this new process.
In order to illustrate this new methodology, we perform the complete fatigue
and damage tolerance analysis on three different locations of the aircraft structure.
These computation points have been selected in order to represent the impact of the
atmospheric turbulence for fatigue.
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Figure 3.2: Diagram of the process for F&DT analysis of aircraft structure under
gust loads using stress PSD functions.
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• The first element under study is a metallic panel located at the lower cover of
the wing, near the wing root. It is very sensitive to the turbulence and is not too
affected by the steady loads.
• The second element is also a metallic panel at the lower cover but it is located
near the wing tip. It is extremely sensitive to gust loads.
• The last element is a metallic frame in the centre fuselage. It is sensitive to the
atmospheric turbulence but also to the cabin pressure which can create a lot of
stresses during the flight phases.
Fatigue spectrum
In this application example, we chose a simplified but realistic fatigue spectrum.
This fatigue spectrum is a sequence of one thousand similar typical flights. Each
Stress
Time
Ground Phase Climb Phase Cruise Phase Ground Phase
Stresses induced by Vertical Turbulence
Figure 3.3: Idealized representation of the simplified flight repeated in the fatigue
spectrum under consideration.
of these flights contains a ground phase at the beginning and at the end, a climb
segment (a 16 minutes flight phase around 25000ft) and a cruise segment (around
one hour at 41000ft). Each flight segment contains only the vertical turbulence
increment, ignoring all other incremental events. Anyway, this spectrum is realistic
since the ground-air-ground cycle is represented.
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The selected points and the simplified fatigue spectrum under consideration en-
able the assessment of the impact of the turbulence when it is the main impacting
event (as for instance on the two first points) and also when other severe events will
occur (such as the cabin pressure in the third example). They will be used in the
following sections as well.
F&DT analysis
The fatigue and damage tolerance analysis which is performed on these selected
points is based on usual methods with the currently implemented tools at Airbus.
Once the stress time sequence is generated, we apply the Rainflow cycle counting
method and the fatigue damage D is computed with the linear cumulative damage
rule from Miner (see Section 1.3.4). The number of allowable flight cycles N is
directly deduced from the computed fatigue damage: N = 1
D
. For the crack prop-
agation, we provide the so-called equivalent stress σequi. It is the amplitude of the
single stress cycle for a stress ratio R = 0.1 (defined by Equation (1.41)), equivalent
to the whole loading spectrum. It is also computed for fatigue. It only depends on
the material and on the loading spectrum. It is a value particularly useful since it is
meaningful and easy to compare. The computation of the equivalent stress for crack
propagation is performed using the Paris law and the Elber crack closure concept.
We perform a unidimensional analysis in the σx direction. Other stress components
of the 2D stress tensor are also considered using a criterion called Resolved Fatigue
Stress. This criterion uses a uniaxial projection of the stress tensor in the most
damaging direction:
S(t, α) = σx(t) cos
2 α + σy(t) sin
2 α + τxy(t) sin 2α. (3.1)
We first look for the Maximum Damaging Angle αMDA which gives the greatest
damage. The damage assessment due to the stress sequence S(t, α) is performed
for each angle between 0 and 180◦. The angle αMDA giving the most damaging
stress sequence S(t, αMDA) is retained. We may have two different angles αMDA for
fatigue and crack propagation. The F&DT analysis with the 2D stress tensor is then
performed as a classical uniaxial analysis with the stress time sequence S(t, αMDA).
The results of this first improvement step are presented in the next paragraph and
are recalled in Table 3.1.
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F&DT results
For the first location under study, the uniaxial fatigue analysis in the σx direction
leads to an equivalent stress for fatigue σequi = 76.1MPa and the obtained fatigue
life is around 342,000 flight cycles. From the crack propagation study, we obtain an
equivalent stress σequi = 57.9MPa. The 2D analysis using the resolved fatigue stress
criterion gives very close results because the structural element under study is not
very stressed in the other directions. For fatigue, the equivalent stress is equal to
76.8MPa for a maximum damaging angle αMDA = 6
◦. The resulting fatigue life is
around 328,000 flight cycles. For crack propagation, the maximum damaging angle
is equal to αMDA = 3
◦ giving an equivalent stress σequi = 58.4MPa. The low values
of the angle αMDA in both cases show that the main stresses are in the σx direction.
For the panel near the wing tip, the stresses induced by the vertical turbulence
are greater. We obtain an equivalent stress for fatigue σequi = 114.4MPa leading to
nearly 54,600 allowable flight cycles with the uniaxial analysis (σx direction). The
equivalent stress for crack propagation is equal to σequi = 71.5MPa. For the 2D
F&DT analysis using the resolved fatigue stress criterion, we obtain an equivalent
stress for fatigue σequi = 126.3MPa for an angle αMDA = 145
◦ leading to around
38,000 flight cycles. From the crack propagation study, we obtain an equivalent
stress σequi = 76.6MPa for an angle αMDA = 147
◦.
Finally, for the frame at the centre fuselage, the uniaxial fatigue analysis gives
an equivalent stress equal to σequi = 95.3MPa leading to more than 124,000 flight
cycles. For the crack propagation, the equivalent stress is σequi = 83.2MPa. The 2D
analysis gives more damaging results since this element is also highly stressed in the
τxy direction. For fatigue, the maximum damaging angle is equal to αMDA = 26
◦
and we obtain an equivalent stress equal to σequi = 131.9MPa which leads to 28,700
allowable flight cycles. For the crack propagation, we found αMDA = 24
◦ and an
equivalent stress σequi = 116MPa.
These results are unfortunately impossible to compare with the current process.
Indeed, the stress comparison is not available on the same structural components
due to FE modelling difficulties. Moreover, the presented results are based on stress
PSD functions which were computed in “open loop”, i.e. that the aircraft control
law is not taken into account. The presented results may be more severe than they
should be due to the damping of the aircraft control law.
66 Chapter 3. A new methodology
Conclusion
In this first presented process, the stress computation has been improved. Indeed,
the stress PSD functions are directly computed from the Von Ka´rma´n input. Then,
the unitary stress values are quickly derived by a simple multiplication of the RMS
by the intensity factor Uσ. The dynamic computation of the stresses also enables
the improvement of the Dynamic Response Factor definition. The building of the
complete FE model which would represent accurately the dynamic response and
the local behaviour of the whole aircraft structure is a complex challenge currently
under study at Airbus.
In terms of lead time, this new improved process is more efficient than the current
one. Indeed, the direct stress computation as PSD functions enables the avoidance
of the costly steps between the load PSD functions and the unitary stress values
computation. We no longer need the additional static linear analysis on the refined
FE model to compute the stress values. Neither do we need the load cases which
were applied to this FE model. Then, we no longer need to combine the various
load quantities and then to perform the downselection to obtain the applied load
cases. We also avoid the computation of the correlation coefficients. On the other
hand, the stress PSD computation and validation may lead to additional efforts
compared to the load ones due to the greater number of computation points. The
new improved process will obviously involve additional efforts to develop a new FE
model for the dynamic computation of the stresses and to be implemented at the
industrial scale. Nevertheless, once implemented, the computation of the unitary
stress values would lead between 3 and 4 months whereas it lasts between 4 and 5
months currently.
This new improved process provides noteworthy benefits both in terms of lead
time and accuracy. The whole lead time could be reduced by one month thanks to
the direct computation of the stress PSD functions and the quick deduction of the
unitary stress values. The stress computation is more accurate and the definition of
the dynamic response factor is also improved. Note that this new process does not
imply major changes for the spectrum generation. Once the unitary stress values
have been extracted from the enhanced FE model, the turbulence statistics are the
same and the fatigue spectrum generation is unchanged. From the stress PSD func-
tion computation, further improvements are expected. The dynamic computation
of the stresses should be better exploited. The turbulence statistics and the fatigue
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spectrum generation also have to be improved.
3.2 Press-Steiner exceedance statistics
In this section, we propose to improve again the process by replacing the current
statistics of turbulence by the stress exceedance curves defined by the Press-Steiner
formula (1.39). The direct stress PSD computation presented in the previous sec-
tion is retained. On each computation point, the three PSD functions for each stress
component are directly computed from the Von Ka´rma´n PSD through the enhanced
global FE model. From these PSD functions, the Press-Steiner formula defines the
stress exceedance curves for each stress component. This method is very quick and
establishes a direct link between the stress PSD functions and the exceedance curves.
This is the method presented in the certification [12] according to the mission analy-
sis approach. A first comparison between the stress exceedance curve obtained with
the current Airbus statistics and the one defined by the Press-Steiner formula has
already been presented in Figure 2.5. In Section 2.2.2, we already talked about the
benefits and the weaknesses of this approach. It was said that despite some inaccu-
racies (which are also present in the current Airbus statistics), this approach could
lead to a reduced lead time of the process. Indeed, the direct definition of the stress
exceedance curves from the RMS and N0 values extracted from the PSD of stress
allows to enjoy the same benefits due to the direct stress PSD computation but
also to link the definition of the stress exceedance curves to this computation. The
dynamic response, the stress to gust ratio A and the turbulence statistics are consid-
ered at the same time by the Press-Steiner analytical formulation (1.39) of the stress
exceedance curves. As this formula is recommended in the certification rules [12],
it ensures a reasonable conservatism. Moreover, the Pi and bi values representing
the turbulence probability and severity were first proposed in the 1950es [54]. They
could be updated by new in-flight measurement campaigns in order to obtain more
realistic turbulence statistics. De Jonge [20] already proposed new values in 1997.
They could be updated again thanks to new measurement data [19].
However, we have to face with a major drawback in this new approach. The
correlation between the various stress components cannot be considered. Indeed, the
PSD functions don’t have any information about the phase and it is then impossible
to correlate the three stress exceedance curves. This is a major drawback for a
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multidimensional fatigue analysis. Then, we present hereafter the results obtained
for a unidimensional analysis.
The same fatigue spectrum as in the previous section is considered. We no longer
have to use the event fatigue spectrum in order to distribute the various gust inten-
sities in the various flight segments; this is done in the next step using the stress
exceedance curves. Then, the fatigue spectrum generation is slightly different. In
particular, the combination between the incremental events occurring during the
flight segments (vertical turbulence, lateral turbulence and various manoeuvres) is
impacted. This new process is represented by the diagram in Figure 3.4.
F&DT results
We perform the F&DT analysis with the same simplified spectrum presented in
Figure 3.3 and on the same structural elements as in the previous section. For
the first computation point representing a panel at the lower cover of the wing
near the wing root, the equivalent stress obtained with the uniaxial fatigue analysis
is σequi = 74.6MPa which leads to 374,000 allowable flight cycles. For the crack
propagation, the equivalent stress is equal to σequi = 51.5MPa.
The second point is a similar panel located near the wing tip. The uniaxial fatigue
analysis gives an equivalent stress equal to σequi = 109.1MPa which allows around
67,700 flight cycles. For the crack propagation, the computed equivalent stress is
equal to σequi = 64.4MPa.
Finally, for the frame at the centre fuselage, we obtain with the uniaxial fatigue
analysis σequi = 92.7MPa leading to more than 140,000 allowable flight cycles. The
crack propagation study gives an equivalent stress equal to σequi = 80.8MPa.
Conclusion
The replacement of the current statistics used at Airbus by the stress exceedance
curves defined by the Press-Steiner analytical formula (1.39) offers several advan-
tages. First, the previous benefits due to the stress PSD computation are preserved.
In addition, this formula establishes a direct link between the PSD characteristics
(RMS, N0) and the turbulence statistics in order to define the stress exceedance
curves. The unitary stress values, the dynamic response and the turbulence statis-
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Figure 3.4: Diagram of the process for F&DT analysis of aircraft structure under
gust loads using stress PSD functions and the Press-Steiner formula.
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tics are then correlated. The obtained stress exceedance curves are generally less
severe than those which are currently in use. They are anyway conservative enough
to ensure the aircraft safety and could then lead to weight savings on the aircraft
structure. The P1, b1, P2 and b2 values defined in the 1950es could be updated in
order to define even more accurate statistics.
This new proposed process involves some modifications in the fatigue spectrum
generation. An automatic procedure should be implemented to define the new ex-
ceedance statistics from the PSD characteristic values and then to replace the exist-
ing statistics used to distribute the stresses in the fatigue spectrum. The lead time
is finally not impacted by these changes. Indeed, the stress time sequence is still
generated from a statistical distribution using the exceedance curves but the latter
are defined by the analytical Press-Steiner formula.
However, in this process, the stress exceedance curves provided for each compo-
nent of the stress tensor are uncorrelated and it is then impossible to combine them
in order to perform a multidimensional F&DT analysis. A multidimensional appli-
cation could be performed if we were able to build the PSD function of a multiaxial
criterion. For example, this would be possible for a linear combination of the stress
components. In particular, in the resolved fatigue stress criterion (3.1), the dam-
age is computed following the maximum damaging direction obtained by a linear
combination. From the PSD functions of each stress component and the respective
transfer functions, it is possible to build the PSD of the multiaxial criterion. Then,
it is possible to obtain the exceedance curves for this stress criterion using the Press-
Steiner formula (1.39) (see Appendix A). Nevertheless, any other criterion which is
not a linear combination (e.g. the Maximum Principal Stress) cannot be used with
this methodology.
3.3 Generation of correlated stress time sequences
Finally, an innovative process aiming at improving the modelling quality of the
stresses induced by the atmospheric turbulence and their introduction in the fa-
tigue spectrum is presented. The computation of the stress PSD functions with the
enhanced FE model is still retained. In addition, new mathematical results are pro-
vided in Subsection 3.3.1 enabling the generation of correlated time sequences from
the PSD functions. This is a great improvement since it enables the consideration
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of the various components of the stress tensor. Subsection 3.3.2 describes the imple-
mentation of the process. By construction, the generated stress sequences follow a
Gaussian law and then have to be distributed with various turbulence intensities in
the various flights of the fatigue spectrum in order to match the exceedance statistics
defined by the Press-Steiner analytical formula (1.39). The distribution relies on the
probability density function of the turbulence intensity defined by Equation (1.15).
The obtained stress sequences naturally contain the dynamic information and are
the input for the F&DT analysis.
3.3.1 Generation of correlated (stress) time sequences
This section is dedicated to the generation of time signals from the PSD function.
The following subsection 3.3.1.1 recalls the generation method from a single PSD.
The next one 3.3.1.2 provides new results enabling the generation of correlated time
signals from their (uncorrelated) respective PSD functions. Results are presented
through the application example of stress signals computed from the turbulence
PSD, even though the method could be extended to any other application with any
linear system with a single input and multiple output.
3.3.1.1 Generating time signals from the PSD function
In the following section, a well-known simulation technique [64, 63] for the generation
of ergodic Gaussian stationary stochastic processes with prescribed PSD is described.
Shinozuka gives the following formula (using Rice’s results, Eq.(2.8-6) in [58]) to







2Φx(ωk)δω cos(ωkt+ φk), (3.1)
where the φk are independent random phases uniformly distributed on [0, 2pi], ωk =
kδω and δω is the frequency sample step. The central limit theorem guarantees that
independent and uniformly distributed phases give a Gaussian process.








2Φx(ωk)δω cos(ωkt + φk). (3.2)
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Here, δω satisfies the relationship δω = ∆ω/N , in which ∆ω is the bandwidth.
It is necessary to force Φx(0) = 0 to ensure that the temporal average and the
autocorrelation function of any sample function xN (t) are respectively identical to
E[x(t)] = 0 and Rx(t). The simulated process xN(t) generated via Equation (3.2)
is a periodic process with period T0 = 2pi/δω. The smaller δω, or equivalently the
longer N , the longer the period of the simulated stochastic process. In order to
avoid periodicity, one may merely restrict attention to the time interval [0, T ] with
T ≤ T0.
Shinozuka also established another formulation of Equation (3.2) in order to take
advantage of the Fast Fourier Transform:









, t = 0, 1, . . . ,M − 1. (3.3)
The following relationships exist between δt and δω:











Then, by combining the previous equations: M ≥ 2N . Moreover, the Power Spectral
Density function Φx(ω) is assumed to be zero for values of the frequency outside of
[−∆ω/2,∆ω/2], giving:√
Φx(ωk)δω e
iφk = 0, for N ≤ n ≤M − 1. (3.6)
The FFT can be used in Equation (3.3), resulting in a drastic reduction of the
computation time. Indeed, it avoids the straightforward summation of cosines in
Equation (3.2). In order to fully optimize the FFT algorithm, one must choose M
of the form M = 2p, where p is some positive integer.
3.3.1.2 Correlating the phases
Clearly, direct simulations of stresses in the time domain are not realistic due to
computational burden in the aeronautical context. On the other hand, the PSD
approach takes advantage of the power of the FFT algorithm. It is stressed, however,
3.3. Generation of correlated stress time sequences 73
that since the PSD does not carry any phase information, considering each stress
component separately does not reflect the correlation information.
In the context of gust loads on aircraft, we compute the stress PSD functions of
the various components of the stress tensor from the same input turbulence PSD.
These components may be combined to perform a 2D F&DT analysis. Therefore,
in order to obtain consistent phases in the stress signals, the methodology consists
in the following four steps:
1. generate a random phase for the input turbulence signal;
2. build a Fourier transform of this signal by means of Equation (1.9);
3. apply the transfer functions in order to obtain the Fourier transforms of the
various output signals;
4. recover consistent signals via inverse Fourier transform.





in which ΦTurb is the PSD of the Continuous Turbulence model and φk is the random
phase uniformly distributed on [0, 2pi]. Choosing the uniform distribution for the
phase yields Gaussianity of the process, via the Central Limit theorem.
In Step 3, the Fourier transforms of the stress components are obtained using
linear filters:
σ̂x(ω) = Hσx(ω) · T̂urb(ω),
σ̂y(ω) = Hσy(ω) · T̂urb(ω),
τ̂xy(ω) = Hτxy(ω) · T̂urb(ω).
Here, Hσx , Hσy and Hτxy are the transfer functions for σx, σy and τxy, respectively.
Notice that, in practice, it is generally sufficient to consider 2D stress tensors in
the aeronautical context. From Equation (3.7), these quantities can be expressed in
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It is worth noticing that the phases of the stress components depend only on
the random phase φk of the turbulence and on the phase of the transfer function
arg(HX(ω)).
The time-correlated processes can then be simulated by Inverse Fourier Transform





































The latter equations show that the generation of correlated time histories of stress
is possible from PSD functions by adding relevant phases:
φ1k = φk + argHσx(ω),
φ2k = φk + argHσy(ω),
φ3k = φk + argHτxy(ω).
These results have been first presented and validated in [57]. The proposed method
allows the computation of correlated time histories of the 2D stress tensor compo-
nents. Stress PSD are computed and time histories are generated using the Fast
Fourier transform, so the various time histories which will be used as our fatigue
analysis input can be obtained very quickly. It is important to mention that this
new and efficient method can be straightforwardly extended to any linear system
with multiple input and output.
3.3.2 Description of the final improved process
From the direct computation of the PSD functions of the three stress components
Φσx , Φσy and Φτxy , Equations (3.8), (3.9) and (3.10) are a really efficient way to
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In the above equations, the superscript N indicates that the Von Ka´rma´n PSD is
normalized in order to highlight the linearity with the RMS of the turbulence inten-
sity σw. Due to the linearity of the aircraft response, for a given turbulence RMS σw,
the stress time signals follow a Gaussian law and match the number of exceedances





























Figure 3.5: Comparison between the exceedance statistics obtained from the Rice
formula (in red) and the generated stress sequence (in blue).
When the turbulence RMS follows the distribution defined by Press and Steiner
(Equation (1.15)), then the stress time signals will match the number of exceedances
defined by the Press-Steiner formula (1.38). This has been demonstrated in Subsec-
tion 1.3.2.2, Equations (1.31) to (1.38).
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The final objective is to build the temporal stress sequences which have to be
included in the fatigue spectrum. For that, we have the stress PSD functions for
each flight segment. From these PSD, we are able to generate the temporal stress
sequences with Equations (3.11), (3.12), (3.13). They have to be simulated on a time
length greater or equal to T ∗ > 2pi
δω
in order to ensure the coherence with the PSD
source. On each type of flight segment s (e.g. climb, cruise...) of length Ts, the PSD
functions are randomly distributed according to the probability density function of
the turbulence intensity (1.15). For each flight segment s, this probability density






w . The truncation
to the maximum turbulence intensity level Ks is defined in compliance with the
Damage Tolerance requirements in order to ensure a reasonable conservatism. It
ensures to encounter the severe turbulence intensities which lead to the greatest
stress cycles and then to the greatest fatigue damage while remaining conservative
in the crack propagation study1. For each discretization level σksw , 1 6 ks 6 Ks, the






where f(σw) is the probability density function defined by Press and Steiner in
Equation (1.15). For each flight segment s, we obtain Ks PSD functions Φ
ks(ω), 1 6
ks 6 Ks corresponding to a turbulence intensity equal to σ
ks
w . The probability of
having the PSD function Φks(ω) on the flight segment s is then equal to p(σksw ), 1 6
ks 6 Ks.
Let N be the number of flights considered in the fatigue spectrum. According
to the Flight-Type concept (see Subsection 1.3.3.3), only one turbulence intensity is
encountered for each flight segment. Then, for each flight segment s, the probability
of having the turbulence intensity σksw is p(σ
ks
w ). Thus, on the whole N flights of
the fatigue spectrum, there will be in average Np(σksw ) flight segments s having a
turbulence intensity equal to σksw . Similarly, there will be Np(σ
ks
w ) flight segments s
having a PSD function Φks(ω), 1 6 ks 6 Ks.
In order to simulate the temporal stress sequences in the fatigue spectrum,
the methodology is as follows. On each flight segment s, we generate the tem-
poral stress sequences from the PSD functions Φks , 1 6 ks 6 Ks with Equa-
1The truncation level is today defined as 80% of the gust velocity encountered once by inspection
interval, based on the Airbus statistics [26].
3.3. Generation of correlated stress time sequences 77




where N is the number of flights in the fatigue spectrum, Ts is the time length of
the flight segment s and p(σksw ) is the probability of encountering the turbulence
intensity σksw . In order to ensure the coherence between the generated time signal
and its PSD function, the following condition has to be verified:
Tks > T
∗. (3.16)
Practically, the time length T ∗ is set to T ∗ = 2pi
δω
and the above condition (3.16) is
always verified by increasing the number of flights N in the fatigue spectrum. This is
possible because it does not affect the F&DT results and it has a reasonable impact
on the computation cost. Figure 3.6 shows an example of a generated stress sequence
for a climb segment with 13 discretization levels of the turbulence intensity. In order

























Figure 3.6: Example of a whole generated stress sequence with 13 various intensity
levels.
to validate the presented methodology, we compare the number of exceedances of the
stress levels between the Press-Steiner analytical formula (1.38) and the observed
ones in the generated stress sequences. This is presented in Figure 3.7.



































Figure 3.7: Comparison between the exceedance statistics obtained from the Press-
Steiner analytical formula and the generated stress sequence.
As expected, our results match quite well the Press-Steiner formula and are
slightly conservative almost everywhere. This is strongly related to the discretiza-
tion step δσksw of the distribution of the turbulence intensities and to the conservative
assumptions on the computation of the associated probabilities p(σksw ).
For the fatigue analysis, as the fatigue damage is linearly summed (see Equa-
tion (1.45)), the order of the stress sequence does not impact the fatigue results.
Then, the various flight segments are randomly distributed in the fatigue spectrum
without impacting significantly the results of the fatigue analysis. For the crack
propagation study, due to the retardation model which considers the plasticity ef-
fects, the order of the sequence may have a significant impact on the results of the
F&DT analysis. In order to ensure the aircraft structure safety, we consider here the
most damaging case where the flight segments are distributed by increasing turbu-
lence intensities (as represented in Figure 3.6). Further studies have to be performed
to obtain a less conservative solution while ensuring a high level of safety for the
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aircraft structure.
The whole final process is represented in Figure 3.8
F&DT results
We perform for this last improved process the same F&DT analysis as previously.
The same simplified spectrum and computation points are retained. The unidi-
mensional and bidimensional results are presented. For the first panel of the wing,
we obtain an equivalent stress for fatigue σequi = 75.4MPa in the unidimensional
case and σequi = 76.0MPa when the three components of the 2D stress tensor are
considered with an angle αMDA = 3
◦. We obtain respectively around 350,000 and
338,000 allowable flight cycles. For the crack propagation study, the equivalent
stress is σequi = 54.0MPa for the unidimensional study and for the bidimensional
one, σequi = 57.9MPa with the same angle αMDA = 3
◦.
On the second location near the wing tip, we obtain with the uniaxial fatigue
analysis σequi = 110.2MPa and around 63,000 flight cycles. In the 2D study, the
maximum damaging angle is αMDA = 153
◦, the equivalent stress σequi = 121.4MPa
giving around 46,500 flight cycles. For the unixial crack propagation computation,
we obtain σequi = 69.6MPa and in the 2D study, we obtain σequi = 74.4MPa for an
angle αMDA = 151.5
◦.
For the last element under study, at the centre fuselage, the equivalent stress
obtained with the uniaxial fatigue analysis is σequi = 93.8MPa and then, we have
136,000 flight cycles. In the 2D analysis, we obtain for an angle αMDA = 33
◦, the
equivalent stress σequi = 122.1MPa leading to 42,500 flight cycles. For the crack
propagation, the uniaxial equivalent stress is σequi = 81.9MPa and, in the 2D study,
σequi = 109.3MPa for an angle αMDA = 39
◦.
Conclusion
This final enhanced process provides an excellent modelling quality for the stress
time sequences which are the inputs for the F&DT analysis. It provides the stress
sequences according to the requirements of the fatigue spectrum generation. The
Flight-Type concept is easily implemented within this process. The number of ex-
ceedances of the generated stress sequences have been validated by comparing with
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Figure 3.8: Diagram of the process for F&DT analysis of aircraft structure under
gust loads using the generation of correlated stress temporal sequences.
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the Press and Steiner exceedance statistics. It permits to remove the surplus conser-
vatism of the Airbus statistics as already noticed in the previous described process.
The presented innovative algorithm enables the correlation between the various com-
ponents of the stress tensor. Then, we are able to use the multiaxial fatigue criterions
whereas it was impossible with the previous improved process. This process involves
important changes in the fatigue spectrum generation from the current Airbus pro-
cess. Indeed, the stress sequences are directly obtained from the PSD functions
and then have to be included in the fatigue spectrum while respecting the possible
combinations with other events. As the lateral and the vertical turbulence have the
same Von Ka´rma´n input PSD function, the mathematical results of Section 3.3.1.2
can be straightforwardly extended to the combination of the stresses induced by the
lateral and the vertical turbulence. This implementation is then possible in a very
efficient way.
The efficiency of the stress sequence generation may lead to few improvements
on the process lead time. Indeed, it permits to avoid the stepping of the exceedance
curve and the DRF consideration. The final lead time may be slightly reduced since
the previous distribution of the stress exceedance curves was already very efficient.
3.4 Conclusion on the improved processes
Table 3.1 presents the results of the various F&DT analyses performed from each
presented process. The values of the equivalent stresses (in MPa) for fatigue and
crack propagation obtained with the three presented methodologies are recalled.
Process 1 Process 2 Process 3
Fatigue Propa Fatigue Propa Fatigue Propa
Location 1
1D 76.1 57.9 74.6 51.5 75.4 54.0
2D 76.8 58.4 76.0 57.9
Location 2
1D 114.4 71.5 109.1 64.4 110.2 69.6
2D 126.3 76.6 121.4 74.4
Location 3
1D 95.3 83.2 92.7 80.8 93.8 81.9
2D 131.9 116 122.1 109.3
Table 3.1: Comparisons of F&DT results between the various presented processes.
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The analysis of the presented results leads to several conclusions. First by com-
paring the results obtained with the processes 1 and 2, we can see the influence of
the use of the Press-Steiner statistics. The replacement of the current statistics by
the Press-Steiner ones leads to a reduction of the equivalent stress between 2% and
5% for fatigue and between 3% and 11% for the crack propagation analysis. This
reduction is more damped on the third location under study. At the centre fuselage,
the cabin pressure has an important impact on the stresses and the turbulence ef-
fect is then damped in the structure. Nevertheless, the reduction of the equivalent
stress for this computation point is still noticeable. These results are particularly
interesting to assess the possible weight savings on the aircraft structure.
The F&DT results obtained from the final presented process are close to the
second improvement step ones. They are slightly more severe since we took conser-
vative assumptions for the distribution of the turbulence intensities (see Figure 3.7).
The crack propagation study provides conservative results. Indeed, the distribution
in the fatigue spectrum according to increasing turbulence levels is the most severe
case. Further studies have to be performed to obtain a less conservative solution
while ensuring a high level of safety for the aircraft structure.
The final process provides the most relevant results for the modelling of the at-
mospheric turbulence in the fatigue spectrum of aircraft structure. It is composed
of both the first and second improvement steps associated with an innovative algo-
rithm to obtain the correlated stress sequences. The direct computation of the stress
PSD functions from the continuous turbulence model input presented in the first
improvement step (Section 3.1) brings a lot of benefits both for the lead time and the
accuracy of the process. Then, the use of the stress exceedance statistics defined by
Press and Steiner (Equation (1.38)) leads to less damaging results as shown in the
F&DT analysis performed in Section 3.2 and may enable some weight savings on the
aircraft structure. However, the multiaxial fatigue criteria could not be applied since
the correlation between the various stress components had not been demonstrated.
Finally, the last improved process relies on an innovative algorithm for generating
correlated stress time sequences following the Press-Steiner exceedance statistics.
This new algorithm presented in Section 3.3.1 enables the efficient and accurate
modelling of the stress sequences induced by the atmospheric turbulence. It enables
the use of any multiaxial fatigue criterion on a stress sequence whose exceedance
statistics have been demonstrated to match the Press-Steiner formula. In addition,
this generation could be straightforwardly applied to the combination between the
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lateral and vertical turbulence. This final obtained process is then a great improve-
ment from the current Airbus one. The whole lead time may be reduced by more
than one month compared to the Airbus process. Moreover, the final F&DT results
are more accurate and less damaging. They may enable significant weight savings
on the aircraft structure while ensuring a high level of safety. This process is in
compliance with the fatigue spectrum requirements (Flight-Type concept, combina-
tion between the various events) and the F&DT analysis needs (multiaxial fatigue
criterion, reasonable conservatism) and could be soon implemented at an industrial
scale.
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Conclusions and perspectives
Fatigue and damage tolerance analysis of aircraft structures under gust loads is a
long and complex process involving various technical disciplines: the atmospheric
turbulence modelling, the load and stress computation by a finite element analy-
sis, the generation of the fatigue spectrum and the fatigue and damage tolerance
analysis. An overview of the state-of-the-art covering all these domains has been
presented in Chapter 1.
The existing process at Airbus has evolved over the years in order to generate
accurate inputs for the F&DT analysis in a lean and efficient way. Nevertheless, it
was thought that this process could be improved. Chapter 2 describes the process
currently implemented at Airbus and identifies its main strengths and weaknesses.
From the continuous turbulence model [29, 31] based on the Von Ka´rma´n Power
Spectral Density [69], the computed stresses are included in the fatigue spectrum
according to the turbulence statistics established from in-flight measurements. The
stress sequence is built from the fatigue mission definition, the unitary stress values,
the dynamic response of the structure and the turbulence statistics. It is finally
used as the fatigue and damage tolerance analysis input. From the critical analysis
of this process, several possible improvements have been identified based on the
development of new FE model capabilities, a better knowledge of the atmospheric
turbulence and new mathematical considerations.
Chapter 3 provides an innovative process enabling the efficient and accurate gen-
eration of the stress sequences in the fatigue spectrum. The various improvements
are detailed in the three sections of this chapter. First, the direct computation of
the stress PSD functions from the Von Ka´rma´n input is presented in Section 3.1. It
enables a quicker and accurate computation of the various stress tensor components
using an enhanced global FE model. This new computation provides significant
benefits on the lead time of the process. In Section 3.2, the current turbulence
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statistics provided by Leyman and Gray [26] are replaced by the exceedance curves
analytically defined by Press and Steiner [54] which are recommended by the certi-
fication rules [12]. This analytical formula (1.38) links the stress RMS, the dynamic
response and the turbulence statistics. The newly obtained statistics provide less
damaging results while remaining conservative enough to ensure a high level of safety
for the aircraft structure. Unfortunately, the exceedance curves of the various stress
components cannot be combined. Then, the criteria enabling the multidimensional
F&DT analyses cannot be applied. Section 3.3 describes the final innovative pro-
cess enabling the efficient generation of the stress sequences which are the accurate
inputs for uniaxial and multiaxial F&DT analyses. In addition to the previous im-
provements, we have established new results enabling the generation of correlated
stress sequences. The correlation between the various components of the stress ten-
sor enables the application of the multiaxial fatigue criteria with the Press-Steiner
exceedance statistics (1.38). First, the number of exceedances of the generated stress
sequences matches the Rice formula (1.21). Then, various turbulence intensities are
distributed according to the turbulence probability density function defined by Press
and Steiner [54]. Thus, the obtained statistics follow the same statistical law (1.38).
Moreover, the generation of the correlated stress sequences is an efficient mean to
combine the lateral and the vertical turbulences. Indeed, as the same Von Ka´rma´n
PSD represents both the lateral and the vertical turbulences, the induced stress se-
quences can be correlated and combined in the fatigue spectrum. This final process
is then a great improvement from the current Airbus one. It is in compliance with
the fatigue spectrum requirements (Flight-Type concept, combination between the
various events) and the F&DT analysis needs (multiaxial fatigue criterion, reason-
able conservatism). The final F&DT results are more accurate and less damaging.
They may enable significant weight savings on the aircraft structure while ensuring
a high level of safety. In addition, the lead time of the whole process is significantly
improved.
Further improvements could be envisaged for the F&DT analysis of aircraft struc-
tures under gust loads. First, even though the continuous turbulence model is today
agreed to be the most relevant existing model to consider the fatigue gust loads, it
assumes that the atmospheric turbulence is a stationary Gaussian process. Indeed,
each patch of turbulence at different intensities σiw is assumed to be stationary and
Gaussian. These assumptions are not verified in the real conditions [18, 13] but
they are particularly convenient since they enable the use of Rice’s mathematical
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results [58]. Moreover, they may lead to slightly conservative results ensuring the
aircraft structure safety. New mathematical results would be necessary in order to
relax these assumptions. A non-stationary random process could be represented by
evolutionary PSD functions [37, 44]. Several studies have also been performed on
the representation of non-Gaussian processes [74, 21]. The number of exceedances
for any random process is given by Equation (1.26). Then, it seems possible to
extend the Rice results to a random process having any probability density function
by numerical integrations.
Then, the atmospheric turbulence statistics presented in this thesis (the Airbus
ones [26] and the Press-Steiner ones [54]) were both established from in-flight mea-
surements collected in the 1950es. These statistics are satisfactory today since they
are conservative. Nevertheless, they could be updated with new in-flight measure-
ments realized with recent aircraft on usual modern mission profiles. De Jonge [20]
proposed updated values for the P1, b1, P2 and b2 parameters in the 1990es. A new
project [19] is currently going on to update the turbulence statistics from recorded
accelerations by modern airlines on recent aircraft having relevant flight profiles.
The more recent methods used to derive the gust velocities would provide more ac-
curate results. The update of the current statistics based on the discrete gust model
as well as the four parameters P1, b1, P2 and b2 in the continuous turbulence model
is possible. Nevertheless, a huge quantity of data (covering various altitudes at var-
ious geographical regions, for various times and seasons with various aircraft...) has
to be collected and analyzed in order to obtain an accurate representation of the
atmospheric turbulence statistics.
This thesis was limited to the study of atmospheric turbulence but further work
could be dedicated to other events. Indeed, other dynamical events such as bumps
could also be described by PSD functions [68]. The presented methods could then
be extended to these events. The developments of the mathematical representation
of non-stationary and non-Gaussian processes as well as the life-time recording ca-
pabilities of the aircraft allow us to imagine that the future fatigue spectra could
be fully represented by evolutionary PSD functions. The description of the whole
fatigue life of the aircraft structure as an evolutionary PSD could be corrected with
life-time monitoring systems. Spectral methods for fatigue have begun to develop
in order to consider multiaxial fatigue [51, 42] and non-Gaussian processes [4, 39].
Then, we could imagine a fatigue damage assessment from the evolutionary PSD
function describing the fatigue life of the aircraft and new spectral methods.





Power Spectral Density of a linear
combination of time signals with
given PSD
Let x(t) and y(t) be two signals with given respective PSD functions Φx(ω) and
Φy(ω).
We want to compute the PSD function of the time signal αx(t) + βy(t) where α
and β are real numbers.








where Rαx+βy(τ) is the autocorrelation function of the target signal.
Then, let us write this autocorrelation function:
Rαx+βy(τ) = E
[










α2x(t)x(t + τ) + αβx(t)y(t+ τ) + αβy(t)x(t+ τ) + β2y(t)y(t+ τ)
]








Appendix A. Power Spectral Density of a linear combination of






















The cross-correlation function verifies:
Rxy(τ) = Ryx(−τ) (A.5)




Finally, we obtain the following result about the PSD function of a linear combina-







where Re denotes the real part.
Then, the PSD function of a linear combination of two time signals is a linear
combination between the PSD functions of these signals Φx(ω), Φy(ω) and the cross-
PSD function Φxy(ω). The knowledge of this cross-PSD function Φxy(ω) is then
necessary to obtain the target PSD.
Application
In this example, we want to compute the Power Spectral Density function of the
Resolved Fatigue Stress criterion. This fatigue criterion is defined as (see also Equa-
tion (3.1)):
S(t, α) = σx(t) cos
2 α + σy(t) sin
2 α + τxy(t) sin 2α. (A.8)
From the previous results (A.7), the PSD function of the Resolved Fatigue Stress
can be written as:
ΦS(ω) = Φσx(ω) cos
4 α+ Φσy (ω) sin
4 α+ Φτxy (ω) sin
2 2α + 2 cos2 α sin2 αRe(Φσxσy(ω))
+2 cos2 α sin2 2αRe(Φσxτxy(ω))+ 2 sin2 α sin2 2αRe(Φσyτxy(ω)). (A.9)
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In this example, the three PSD functions Φσx(ω), Φσy (ω) and Φτxy(ω) are com-
puted with the linear filter equations from the same PSD input (the Von Ka´rma´n
PSD ΦVK(ω)) and the known transfer functions Hσx , Hσy and Hτxy . Similarly, the











Finally, the PSD function of the resolved fatigue stress can be written in a simpler
form:
ΦS(ω) = Φσx(ω) cos
4 α+ Φσy (ω) sin
4 α+ Φτxy (ω) sin
2 2α + 2 cos2 α sin2 αRe(Φσxσy(ω))
+8 cos4 α sin2 αRe(Φσxτxy(ω))+ 8 sin4 α cos2 αRe(Φσyτxy(ω)). (A.11)
This result is particularly interesting to perform a fatigue and damage tolerance
analysis considering the various components of the 2D stress tensor. It enables the
use of the Press-Steiner formula (1.38) to define the exceedance statistics of this
criterion. From the above PSD (A.11), we compute the RMS and the N0 to obtain
the number of exceedances of any stress level with the Press-Steiner formula.
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Appendix A. Power Spectral Density of a linear combination of
time signals with given PSD
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Abstract
This thesis is dedicated to the fatigue and damage tolerance analysis of the
aircraft structures under gust loads. The fatigue and damage tolerance anal-
ysis is a significant issue in the aircraft structure design. It aims at defining
the inspection program of the aircraft structure in order to ensure its safety
through its entire life.
The first part reviews the state-of-the-art in the various involved topics for
the global process for fatigue analysis of aircraft structure under gust loads:
the atmospheric turbulence modelling, the load and stress computation by
a finite element analysis, the generation of the fatigue spectrum and at the
end, the fatigue and damage tolerance analysis.
The second part presents the whole process currently implemented at
Airbus. The main strengths and weaknesses are pointed out and this en-
ables the identification of several improvement axes. From the continuous
turbulence model based on the Von Ka´rma´n Power Spectral Density (PSD),
the computed stresses are included according to statistics established from
in-flight measurements in the fatigue spectrum in order to build a stress cycle
sequence. The input data for the fatigue and damage tolerance analysis are
obtained from the definition of the various fatigue mission profiles, the uni-
tary stress values, the dynamic response of the structure and the turbulence
statistics.
In the third part, a new methodology is presented in order to obtain effi-
ciently and accurately the temporal stress sequences due to the atmospheric
turbulence. This method relies on new results enabling the generation of
correlated time signals from the PSD functions. First, the PSD of the vari-
ous stress components are directly obtained from the Von Ka´rma´n PSD via
a finite element analysis. Then, the correlated temporal stress sequences are
generated and distributed in the fatigue spectrum according to the turbu-
lence intensity statistical law. This new process enables the improvement of
the stress computation and the fatigue spectrum generation. It replaces the
turbulence statistics by stress exceedance statistics which are defined by an
analytical formula in a reasonably conservative way. In addition, the lead
time to build the input data for the fatigue and damage tolerance analysis is
significantly reduced.
Results from the fatigue and damage tolerance analysis are presented in
order to highlight the quality of the improved processes both in terms of
accuracy and lead time.
Re´sume´
Cette the`se est consacre´e a` l’analyse de fatigue et de tole´rance aux dommages
des structures d’avions soumis aux rafales de vent. L’analyse de fatigue et
de tole´rance aux dommages est un enjeu essentiel dans la conception des
structures d’avions. Elle permet de de´finir un programme d’inspection de la
structure afin d’assurer sa se´curite´ tout au long de la vie de l’avion.
La premie`re partie passe en revue l’e´tat de l’art dans les diffe´rents do-
maines implique´s dans le processus global d’analyse de fatigue des structures
d’avions soumis aux rafales de vent: la mode´lisation de la turbulence at-
mosphe´rique, le calcul des charges et des contraintes a` l’aide d’analyses par
e´le´ments finis, la construction du spectre de fatigue et enfin, l’analyse de
fatigue et de tole´rance aux dommages.
La deuxie`me partie pre´sente le processus complet actuellement imple´mente´
au sein d’Airbus. Les points forts et les points faibles de ce processus sont
identifie´s et permettent de de´gager des axes d’ame´lioration. A` partir du
mode`le de turbulence continue base´ sur la densite´ spectrale de puissance
(DSP) de Von Ka´rma´n, les contraintes calcule´es sont inse´re´es selon des statis-
tiques e´tablies par des mesures en vol dans le spectre de fatigue pour former
une se´quence de cycles de contraintes. Les donne´es d’entre´e pour l’analyse
de fatigue et tole´rance aux dommages sont obtenues a` partir de la de´finition
des diffe´rents profils de mission, des valeurs de contraintes unitaires, de la
re´ponse dynamique de la structure et des statistiques de turbulence.
Dans la troisie`me partie, une nouvelle me´thodologie est pre´sente´e afin
d’obtenir des se´quences temporelles des contraintes dues a` la turbulence de
manie`re pre´cise et efficace. Cette me´thode s’appuie sur de nouveaux re´sultats
permettant de ge´ne´rer des signaux temporels corre´le´s a` partir des DSP. Tout
d’abord, les DSP des diffe´rentes composantes des contraintes sont directe-
ment obtenues a` l’aide d’une analyse par e´le´ments finis a` partir de la DSP
de Von Ka´rma´n. Puis, les se´quences temporelles corre´le´es de ces contraintes
sont ge´ne´re´es et sont ensuite distribue´es dans le spectre de fatigue selon la
loi statistique de l’intensite´ de la turbulence atmosphe´rique. Ce nouveau
processus permet d’ame´liorer le calcul des contraintes et la ge´ne´ration du
spectre de fatigue. Il remplace les statistiques de turbulence par des statis-
tiques de franchissement de niveaux de contraintes raisonnablement conser-
vatives de´finies par une formule analytique. De plus, le temps de livraison
des donne´es d’entre´e pour l’analyse de fatigue et tole´rance aux dommages
est significativement re´duit.
Les re´sultats pre´sente´s, issus de l’analyse de fatigue et de tole´rance aux
dommages, permettent de souligner la qualite´ des ame´liorations apporte´es a`
la fois en termes de pre´cision et de dure´e du processus.
